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NPEAUCIIOBUE

JdaHHBIA yueOHUK ABJIAETCA IEPBOIl YaCThIO Kypca «Asre6pa u Ha-
Yajia MaTeMaTH4ecKoro aHaamnaa» Aysa 10—11-ro Kiaccos cpegunx obiie-
00pas3oBaTeIbHBIX YUPEKACHUH Pa3JIMIHOTO THIIA, B KOTOPHIX HA M3Y-
YeHHe MaTeMaTUKH OTBOAUTCA 4—5 Y4acoB B HEJEJII0.

B HOBOM yueOHHMKe N3JI0KeHbI 3JIEMEHTHI TEOPHH JeHCTBUTEJILHOTO
YmcJia, IpeACcTaBJIEHHOro B BUie 6eCKOHEYHOM JecATHYHOM Apobu. B me-
JIOCTHOM BHJIe TaKKe IIPeJCTAaBJIeH Pa3fiel TPUTOHOMETPHUH, HaUNHAadA ¢
onpejesieHusa CHHyCa, KOCHHYCa, TAHIeHCa X KOTaHreHca yrJja M KOH-
yas pellieHNeM TPUTOHOMeTPUYEeCKNX HePaBeHCTB M H3yYeHHeM o6parT-
HBIX TpUroHoMerpuueckux pyuknuii. [IInpoko npeacrapieHb pasHbIE
THUIIBI TPUTOHOMETPHYECKNX YPaBHEHHH U METOALI UX pelieHns (ypaBHe-
HHUA, CBOAALINECA K ajirebpanyecKnNM; JNHEHHbBIE YPABHEHNA OTHOCH-
TEJILHO Sin X H COS X; YpPaBHEHHA, COAepaKallie KOPHHA M MOAYJIA; METOJ
PAas3/I0’KEeHNUA Ha MHOXKHUTEJH, METO/ 3aMEeHbI HEM3BECTHOI'0, METOJ OIleH-
KM JIEBOH M [IpaBoii yacTeil ypaBHeHnA). BKirioueHa riiaBa, B KOTOPOii U3-
JIOJKeHbl OCHOBHBLIE METOJALI pEIIeHHA CHCTEM YpaBHEHHH
(pauMoOHAJIbHBIX, HPPAIMOHAJNBHEIX, IOKA3aTeJbHbIX, JJOTapudMUUe-
CKHX H JIp.), IPMBEI€HLI IPUMEDHI PEIIIeHNUA TEKCTOBBIX 33124 C [IOMOLIHIO
cucreM ypaBueHnii. Kpome Toro, oTaensHas riiaBa nocBAIeHa N3yYEHHAIO
cTeneHHOH GyHKIINH, I'le PACCMAaTPHUBAIOTCA BOIIPOCHI, CBA3aHHBIE C I10-
HATUAMHU 00paTHO# (PYHKIINH, PABHOCHJILHOCTH U CJI€ACTBUA. B Kaxkoi
rjaBe yueOHUKA NMeeTCA KpaTKaA UCTOPHYEeCKasa CIIPaBKa.

Haxkonell, Ba)KxHasa 0COOEHHOCTh Y4eOHUKAa — pacCIINpeHHasa CHCTe-
Ma 3a7a4 ¥ yrpakKHeHMi C Y4eTOM YpoBHEBOH quddepeHnuanum odyye-
HHUSA U NOTPeOHOCTeHM yYaluxcA B MOJYYeHHHN 3HAHUIN, HEOOXOANMBIX
JJIA [IOCTYILIEHNS B BY3HI.

Hna ynoOcTBa yumnTesieil X yYaliuxcsa B TEKCTe KHUTH BbIeJIEHBI:

1) HazBanunsa maparpadoB, MaTepHaj KOTOPHIX O0BIYHO M3ydYaeTcsd
YUYAIAMHUCA, IPOABJIAIOIIMMH MOBBIIIEHHBIN HHTEPEC K MaTeEMaTHKe;

2) HoMepa 3aa4u B TEKCTe B B KOHIIe naparpados, JJIA pelieHus Ko-
TOPBIX TPeOyeTca NpNMeHeHNe Pa3/IMYHBIX NIPHEMOB M METOAOB, HE BXO-
IALIUAX B IepedyeHb 00513aTeILHBIX AJI8 BCeX YUaINXCA.

YrpaxHeHNd «J0 YePThI» , PACIIOJIOXKEHHEIE IOCJIEe KayKJ0r0 rmaparpa-
¢a, cooTBeTCTBYIOT 0043aTeJILHOMY YPOBHIO YCBOEHHSA MaTepHaJa;
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YIIpa)XHEHMN «3a YePTOi» — MPOABHMHYTOMY YPOBHIO YCBOGHUA. 3aJaun
MOBBIIIEHHOMN TPYAHOCTH 0003HAUEHBI OAHOM TN ABYMS 3BE3L0UKAMI.

B yuebunke ana 11-ro Kiacca HapAAy ¢ TPAAUIIMOHHLEIMHA pasjesia-
MH Kypca «Anrebpa 1 Hauajla MATeMaTHYECKOro aHayn3a» (IIPOU3BOJ-
Hasd M ee IpNMeHeHNe, NHTerpaJ) MpeAcTaBJIEHbI IJIaBbl, CBA3AHHEIE C
H3yYeHHeM KOMILIEKCHBIX YHCeJI, 3JIEMEHTOB KOMOMHATOPHKY U TEOPUH
BEPOATHOCTEH.

Asmopul

YCJIOBHbIE OBO3HA4YEHUA:

A Hauvasno pelueHns 3apayv
A OxoH4aHue pelueHus 3agaqu
@) Hayano o60cHoBaHUA yTBEPXOAEHUSA UnK BbiBOAA HOPMYIbI

o OxoH4aHne 060CHOBaHNS UK BbIBOAA



DEACTBUTEJIbHBIE YUCTIA.
CTENEHb C AEACTBUTEJIbHbIM
rnaea | J NOKASATEJIEM

§ 1. PaumoHanbHble Yyucna

HanoMHHM ¥ CHCTEMATH3UPYEM Te CBEJEHHS O JeMCTBUTEIbHBIX UHC-
JlaX, C KOTODLIMH BBl YK€ 3HaKOMBI. I3ydyeHre MaTeMaTHKH Bbl HAYaJIH
C HAMYPAAbHBLX YUcea, T.e.cumncen l, 2,3,4,5, ....

IIpu cy10:KeHNH ¥ YMHOXKE€HHUH HATYPAJbHBIX YHCEJI BCErAa moJyda-
0TCA HATYpaJibHbIe unciia. OMHAaKO MX Pa3HOCTh X YaCTHOE MOT'YT He ObITh
HATYypAJILHBIMH YACJIAMH.

Jo6aBieHHEM K HATypaJIbHBIM YHCJIaM OTPHIATEJIbHBIX YHUCEJ U
HYJIS MHOYKECTBO HATYPAJbHBIX YHCeJI PACIIHPAETCA 40 MHOYKECTBA I1e-
JIBIX yMceJ, T.e. 0, 1, +2, 43, ....

s n06bIX LEJIBIX YHCEJ X PAa3HOCTh SABJISAETCA IEJIBIM YHCJIOM.
OxHAKO YaCTHOE ABYX LIEJBIX YHCEJ MOXKET He OBITH I[eJIBIM YHCJIOM.

BBeaenue payuoHaabHblX Yucen, T.e. YNCEJ BAJA % , Te m — ue-
Jioe M n — HaATypaJbHOE, IIO3BOJIMJIO HAXOAUTh YaCTHOE ABYX PaIyo-
HAJILHBIX YHCeJI IPH YCJIOBHUH, YTO JeJIUTE/Ib HE PABEH HYJIIO. 3aMEeTHM,
YTO KaMKJoe IleJI0e YHCJIO M SABJSEeTCS PallMOHAJLHBEIM, TAK KaK ero

m

MOKHO NIPE/ICTABATD B BUIE - .

HTak, npu BEINOJIHEHHUH YeThIPeX apuGMeTHYeCKHUX AeCTBUH (KPOo-
Me JieJIeHHUA Ha HYJIb) HaJ PAIlMOHAJILHBIMHA YHCJIAMH BCErAa MOJIyYaroT-
cA panoHAJIbHEIe YHCJIa.
m
lok )
rme m — 1eJjioe 1 kK — HaTypaJbHOe, TO ero MOXKHO 3amucaTh B BHJE

327

KOHEUYHOH AecATHUYHON Apo6bu. Hanpumep, uncio 100 MOXKHO 3anHcaTh

23
Tak: 3,27; 4NCJI0 _E MOXKHO 3aIucaTh Tak: —2,3.

CylecTByIOT pallMOHAJILHBIE YKCJIa, KOTODHIE HEJIb3A 3aMuCcaTh B
1 2 3
3 97T

Ecyin nonsiTaThCA 3aMCATh YHACJIO 3 BBUIe JeCATHYHOM Apobu, uc-
M0JIb3Y A N3BECTHBIN AJITOPUTM JeJIeHHUA YTOJIKOM, TO NOJyYHNTCS 6eCKo-
HeuHadA JecATHYHasA apoods 0,333... .

Beckoneunywo gecaATHYHYIO ApoOs 0,333... Ha3BIBAIOT mEepHOAUYEC-
KOIi, TOBTOPAIOIYIOCA IHPPY 3 — ee IePHOAOM B KPATKO 3aIIHUCHIBAIOT
rak: 0,(3); untaerca: « HyJsb ieJbIX U TPH B IIEPHOJE» .

Ecin panpmoHaJIbHOE YHCJIO MOYKHO IIPEACTAaBUTH B BUAE ApOOH

BHU/Ie KOHEUHOH AeCATHYHOM APoOH, HAIIPIMED



Boob6ie nepuoduveckas 0po6b — 3T0 GECKOHEUHAasa AeCATHYHAA
Ipobb, Yy KOTOPO, HAUMHASA C HEKOTOPOro AECATHYHOr0 3HaKa, IIOBTO-
psieTCA OJHA ¥ Ta e Iudpa UM HECKOJIbKO udp — nepuod dpobu.

Hanpumep, necaTudnas apoos 23,14565656... = 23,14(56) — ne-
pHoanyecKas ¢ mepuoaom 56; untaerca: «23 neasix, 14 cormx u 56 B
Iepuose».

27
3anxaual. 3anucaTe YUCJIO Tl B BUJie 0eCKOHEYHOM AeCATHYHON
apo6u.
A Bocriosib3yeMcs aJITOPUTMOM JeJIEHUA YTOJIKOM:

27 |11
22 | 2,4545...
50
44
60
55 _
50
a4
6...

OcTaTKH NOBTOPAIOTCSH, IO3TOMY B YACTHOM IIOBTOPAETCA OJHA U Ta
»Ke rpynna uuop: 45. CiregoBarenbHo, - 2,4545... = 2,(45). a

OTMeTHM, 4YTO DY JeJICHUH I1€JIOr0 YHCJIa M Ha HaTyPaJbHOe YHC-
JIO n Bcerja mojiydaetrcsa 6eCKOHeYHad MmepuognyecKas AeCcATHYHASA
Ipo0b, TAK KaK KaXXAbIil M3 OCTATKOB MEHBIIIE 71 ¥ I0O3TOMY IIPH Jajb-
HeHIIeM JleJIeHNH B YaCTHOM Oy/JeT IIOBTOPATHLCA OQHA M Ta 2Ke rpynma
nudp. Tak, nepros MoxKeT OLITH paBeH HYJIIO, T.€. MOXKET HOJIYYUTHCA
[eJI0e YMCJIO NI KOHeYHad JeCATUYHAA Apo0h.

Hanpumep:

36

- =-6=-6,000...;

6 =0,2=0,2000...;

S

-15
1 =-3,75=-3,75000...; 0=0,000... .

Boo61ue raxcdoe payuoraabHoe YUCA0 MONCHO npedcmasumb 8 ude
Oecroneunoil nepuoduieckoil decamuyrnoil dpobu.

CropaBefiuBO ¥ 0OpaTHOE yTBepPXKAECHNE: Kaxdas 6ecKOHeyHaA ne-
puoduueckasn decamuunas dpobb A6.3eMCA PAYUOHANLLHbIM LUCIOM,

m
TaK KaK MOXXeT ObITh IPeACTaBJIeHa B Bue Jpobu ~ » TAie m — ueoe, a

n — HaTypaJbHOe YHnucJia.
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3anxaua2. I[IpeactaBuTs 6€CKOHEUHYIO IEPHOAUYECKYIO HECATHY-
Hy10 Apo6s 0,2(18) B Buae 0OBIKHOBEHHOIA.

A Ilycrs x =0,2(18)=0,2181818... .

Tak KaK B 3anMCH 3TOT0 YHCJIA A0 IIePHOAA COAEPKHUTCA TOJIBKO
OAMH JeCATUYHLIN 3HAK, TO, yMHOXKadA Ha 10, monyuaem:

10x = 2,181818... . (1)

ITepuopn aToii po6u cocTonT U3 ABYX mudp. [Toaromy, ymMHOKasa obe
4acTH mocJexHero pasercrsa Ha 102 = 100, HaxoguMm:

1000x = 218,181818... . (2)
BriunTtas 3 paBeHcTBa (2) paBeHCTBO (1), mosyuaem: 990x = 216.
216 12
Orcrona: x = 990 E
12

OrBer: 0,2(18)= —. A
55

3anaua3. [Iokasars, uro 2,999... = 3.

A Ilyers x = 2,(9). Torma 10x — x = 29,(9) - 2,(9) = 27, orkyzna:
x=3. A

AHAaJIOrHYHO MOXKHO IIOKa3aTh, YTO JIIOOYI0 KOHEUYHYIO AECATHUYHYIO
Ipo0b MOYKHO 3aNHCAaTh B BUAe 6ECKOHEUHOI APOOH ABYMs CIIOCO0aMM:
¢ nepuogom 0 1 ¢ mepuogoM 9.

Hanpuwmep:

1,75=1,75000...=1,74999..., - 0,2= -0,2000...=-0,199999... .

YcioBMMCA B fajIbHEMIIIEM He NCI0JIb30BATh OECKOHEUHEIE JeCATHY-
HbI€ Jpobu ¢ meproaoM 9. BmecTo Takmx aApobeit 6yaeM 3annChIBATh KO-
HeuHbIe JeCATUYHEIE APOOH NN OeCKOHEeUYHEIe JeCATHYHEIEe JPo0H C me-
punozom 0.

Hanpumep: 5,2999... =5,30000... =5,3.

YnpaxHeHus

1. 3anucaTh B BHJe KOHEYHOM (€CJIH 3TO BO3MOXKHO) MM OECKOHEYHOMI
NepHOAUYECKON AeCATHYHOMH APOOH:

1 _g 2 i 3 E 4 _l- 5 -3 l 6 ﬂ
)3’ INTE )5 )Y ) o ) Tor°
2. BuinosiHuTh AeCTBUA U 3aNIACATh Pe3yJIbTaT B BUAE KOHEUHOH KN
6eCKOHEYHOM JeCATUYHOM APOOH:
2 1 7 2 1 1
= 4+ —+ = — +1,25; = +0,33;
Dty Dyrts 8) 3 T he D+

3 7
5) e 1,05; 6) e 3,7.



3.

4.

JIOBasd MOCJIEOBATENBHOCTD bl; b2; b3; )
HBIX 71 BHIMIOJIHAETCA PAaBEHCTBO

3anucaTs B BUJ€e OOLIKHOBEHHO Ap0o6y OECKOHEUHYIO ITIepHOANYec-
KYIO IeCATHYHYIO APO0h:

1) 0,(6); 3) 0,1(2); 5) —3,(27);
2) 1,(45); 4) -0,(7); 6) —2,3(32).
Buiuncante:

1)(5,4-1,2 - 3,7:0,8) (3,14 + 0,86) : 0,25;
2) (20,88 : 18 + 45 : 0,36) : (19,59 + 11,95);
3)(3,14: (8,7 - 2,42) + 5,2) : (7,86 — 0,26 (1,38 + 28,12));
4) (ﬁ—sﬂj- 18 _75.152,
9 12 71 6 3
5 .9+8. 11,9 5
36

32 10 18
BrruncianTs:

1) (6§—41) .33 (E—EJ 284,
6 8 4120 18 41

2) (i+i+_5_) . (1+L+IL] . (l_l);
16 72 12 5 23 115 18 24

3) (3i+0,24] 2,15 + (5,1625-23)- 2.

25 16 5

4)0,364: — + 2 0,125+ 21 .0,8;
25 16 2
3 3
(3,25——)-6,25 (5,5—3—) 5
4 4

5) + .
@-075):2  (2-08)12
5 4

§ 2. BeckoHeu4HO yObiBaiowan
reomeTpuyeckas nporpeccus

HanomunM: reomMmeTpryecKoi mporpeccueii Ha3blBaeTCA TaKasg 4YuC-

s ++» 9TO LJIA BCEX HATYPAJIb-

bn+1 = bnq’

rae b, # 0, g # 0. Hanpumep, TaKOBbI 10CJIE0BATEILHOCTH:

1;3;9;27;...;3"1; ... (b,=1,¢=3);
1.1 1 1! 1
1;—;—;—;...;(—) Seee (b1 =1q =—);
5 25 125 5 5
2; —4; 8; -16; ...; —(=2)*; ... (b;=2,q9=-2).



ITo popmy.ie

b,=b,q"!

BBIYHUCJISAETCS Nn-# WieH reoOMeTPHYECKO# mporpeccuy, a mmo oopmy.ie

S, = b(1-q")
1-¢

CyMMa ee [epPBLIX 7 YICHOB, ecan q # 1.

Cpeau reoMeTpHYECKNX IIPOrpeccHii 0CoOnIil HHTEpEC IPEACTABIAIOT
6ecKOHeuHO YOblealou,ue IPOrPECCHM.

BrauaJie pacCMOTPHM KBafipaThI, nsoﬁpaxcennmia Ha pucyHke 1. Cto-

POHa 11epBoOro KBasparTa paBHa 1, CTOpoOHa BTOpPOTo 3’ CTOPOHA TPeTLero

1
%2 HT.A TakuM 06pa3oM, CTOPOHEI KBaJpaTa 00pa3yloT reomeTpmnyec-
1
KYI0 IPOTPECCHIO CO SHAMEHATeIeM , :
11 1 1
,Eygyz_sy---,—zn_l,.... (1)
ILromaam aTNX KBaApPaTOB 06pa3yioT reOMEeTPHUYECKYIO IIPOIPECCHIO CO

3HaMeHaTeJeM ‘11 :
1 1 1
PR T= (2)
N3 pucyHka 1 BUAHO, YTO CTOPOHEI KBaJPaTOB M HX ILJIOII[AAH C BO3-
pacTaHNeM HOMepa 71 CTAaHOBATCA BCe MEHbIIle, NPUOIMKAACH K HYJIIO.
IToatomy nporpeccum (1) u (2) HaspIBaloTCA 6ECKOHEYHO YOLIBAIOILMMH.
OTmMeTHM, UTO Yy 3TUX MPOTrPeccHil 3HaMeHAaTe/ I MEeHbIIIe eJUHUIIE].

PaccMoTpiM Teneps reOMeTPHYECKYIO IIPOrPeCcCHIo
11 1 —1*!
() (3)

T3’ g g

1
1’ Z?

td

3HaMeHaTeJb JTOM mnporpeccum |

__1 b__l
Q——E,aee yjaeHn b, =1, 0= 5,

1 1

=, by=-— mnn. 1
by 9’ 97 HT-A 5

C Bo3pacTaHMEM HOMEpa N YJIeHBI
3TOi MPOrpeccHy MPUOIIIKAIOTCA K HYJIIO.
IIporpeccuio (3) Takke Ha3LIBAIOT 6ECKO-
HeuHO y6nIBaroieit. OTMeTHM, 4YTO MO-
IyJIb ee 3HaMeHaTeJIsT MeHbIIle eJMHUIIbI:

lg|<1. Puc. 1

S 0ol— H—
ol
ool—

Hl—
N



T'eomeTpHuecKas nmporpeccus Ha3bIBaeTCA 6eCKOHEUHO YObviéatowell,
€CJIA MOAYJIb ee 3HaMeHaTeJIA MEeHbIIe eJUHHIIHI.

3 anxawua 1. [lokasaTp, YTO reoMeTpu4YecKas Iporpeccus, 3ajaH-
. 3 .
Hasa opMyJIoi n-ro 4iaeHa b, = = ABJsAeTCA 6eCKOHEUHO YORIBAIOILIEeH.

3 b.
A Ilo ycioBuio b = 5 b, =5—32 = 2—35, oTkyaa 4= le— = 5
Tak kak | q| < 1, To faHHAA reoMeTPUYECKAA NPOTPECCHSA ABJAET-
cAa 6eCKOHEYHO yObIBaloOIIeil. A
Ha pucyske 2 n3o6pakeH KBaapar ¢o cToponoii 1. OTMeTum 1TpH-
XOBKOIi ero nmoJIOBUHY, 3aTeM MOJIOBHHY OCTaBmIeiica yacTu u T.x4. ILno-

magM 3alITPHXOBAHHBIX NPAMOYTrOJbHHAKOB 00pa3yioT 6€CKOHEUHO
yOBIBAOLIYIO F€OMETPHYECKYIO IIPOIPECCHI0

1111 1
V, e Ty Ty T geeee

Ecion 3amTpuxoBaTh BCe MOJIy4alony-
ecA TaKMM 00pa3oM IPAMOYTOJBHHUKH, TO
IITPHXOBKOM IIOKPOeTcA Bech KBaapar. Ec-
TECTBEHHO CUHTATh, UTO CyMMa ILIOIaAeH
BCE€X 3alITPUXOBAHHBIX IPAMOYTOJILHUKOB
paBHa 1, T.e.

N\Z
1 1 1 1 1
N i 4 —+ =+ =+ —+..=1
AN DN 2 4 8 16 32
Puc. 2 B Js1eBoii 4aCTH 3TOro paBeHCTBa CTOHUT

cyMMa 6eCKOHEYHOI'0 YMCJa CJIaraeMbIX.
PaccMOTpuM CyMMy HEPBHIX 7l CJIaraeMbIX:
1.1 1 1
S, ==+ =+ =+..+—.
2 4 8 2"

ITo ¢popmyJie CyMMBI 71 4JIEHOB reOMETPHYECKOI IPOrpecCuy UMeeM

2 1
Ecsin n HeorpaHMYeHHO BO3PacTaeT, T0 .

2n

OsniKaeTcsa K HyJIIO (CTpeMHTCA K HyJ110). B aTOM coryuae mumyT:

KaK yroauo 6JIM3KO0 Ipu-

1
— =0 npu n— o wm limL =0
2 n—eo

(uuTaerca: « 5 CTPEMHTCS K HYJIIO [IPH 71, CTPeMAIIEeMCH K 0GeCKOHEeYHOC-
1

TH» WJIH: «IIpeae ?‘ nopHa n, CTpeMdAlleMca K 6eCKOHEYHOCTH, PaBeH

HYJIIO» ).
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2’[
S, >1 npu n—oe mam lim S, =1. IMosTomy GeckoHeunyo cymmy

Nn—eo
1 1 1 1 1
o —+—+

2 4 8 16 32
T'oBopaT, uTo cyMMa 6eCKOHEUHO yOBIBalOIIIeii reOMeTPIYecKOil IIpo-

IPECCHH €CTh IpeJieJI MOCJIe0BATEILHOCTH Sl; Sy; Sg3 -3 S5 e
Hanpumep, ansa nporpeccun

TS5 SN DR &
td 3,9’ 27’ ’ 3 9 ey

rae b1= 1, 9=-3 HMeeM

1
Tak kak — — 0 npu n—> e, T0 (1—-2—1’1)—>1 IpH N—>oo, T.E.

++» CYMTAIOT PaBHOW 1.

S, =15, _1——_— §,=1-141.7.
3

3 9 9

EEI (..

Sn = = - Z.|_=
1_[_1) 4 4\ 3
3 3 1Y
ITosTomy hm S, = z, TaK Kak lim (—g =0.
N—oo

BriBeneM gpopmyny cymmul 6eckorewHo Yybvi8arouieil zeomempuyec-
Kol npozpeccuu.

Bocnonssyemcs ¢popmyaoit S, M 3amnuiieM ee Tak:
-q

_ b b o n
S, 1-¢ 1-q q. (4)

Tak kak |q | < 1, To " — 0, ecin n HeorpanuueHHO Bospacraert. ITo-
3TOMY lbl—q'q" TaK)Ke CTPEMHUTCA K HYJIIO IpU 71— o, IlepBoe ciarae-
Moe B popmy.te (4) He 3aBucHT OT n. CiexgoBaTesnbHO, S, CTPEMHTCA K

b
cay —— n—oo,

YHCITY 1-4 npu

Taxkmm o6pasoM, cymma S 6eCKOHEYHO yOmIBaioleil reoMeTpuyec-
KO# mporpeccuy paBHa

s=2_
~ (5)
B uactaoctH, npu b, = 1 monyuaem S = L 3TO0 pPaBEHCTBO OOLIYHO
3aIMCHIBAIOT TAK: 1-¢
1+g+q2+...+q" 1+ ... -1
1-¢

IoguepKHEM, UTO 3TO PABEHCTBO ¥ PABEHCTEBO (5) CIpaBeTUBLI TOJIb-
xonpu|q|<1.
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3anmaua 2. HaiiTu cyMMy 6eCKOHEUHO YOBIBaIOIIeli reoMeTpuyec-

. 1 11 1

KOH Iporpeccuu Y —6,1—8, —a, cee s
1 1 b 1

A blTalc Kak b =E,bz =—g. TO (I—E—_g’ n 1o ¢dopmyae

S= 1— THOJIYYHM 1
_q -—
S=—2 =§, A
8

3apmaua 3. HaiiTu cyMmmy GecKOHeUHO yOBIBaIOIIEil reOMeTpHYEC-
KO mporpeccu, ecjii b3 =-1,4= ?

A Ilpumensas ¢opmyny b, = blq"‘l, npu n = 3 mojyyaem

1=ty )3‘1 1=b -1
= = —byE, orkyna b, =—49.
ITo popmyte (5) HaxoamM cyMmMy S

s="2_- 571 a
1-2 6
7

3anxmaua 4. IToasaysaces ¢popmyoii (5), 3anucats 6ECKOHEUHYIO
NepuoANYecKYIO AeCATHUHYIO Apods a = 0,(15) = 0,151515... B BuAe
0OBLIKHOBEHHOM Apo6m.

A CocTaBMM NOCJIEIOBATEJILHOCTh NPUOIMKEHHBIX 3HAYEHHU JaH-
HO# 6eCKOHEeYHO# Apo6u:

15
=0,15=—>,
A 100
4, =0,1515=—2_4 15
100  100?

15 15 15
+ + =
100 100> 100
3anuch NpHUOJIMIKEHN [TOKA3kIBAET, UYTO AAHHYIO IIEPHOANYECKYIO

Ipo0b MOXKHO IIPEICTABUThH B BUJle CYMMBbI 6€CKOHEUHO yObIBaIOLIIEi I'eo-
MEeTPHYECKO¥ IIPOrpeccum:

a; =0,151515 =

15 15 15

a=

+ + 5+
100 100> 100
ITo dopmy.re (5) mosyuum 15
a=_100 _15_5
L 99 33
100
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YnpaxHeHns

6. SIBaserca i reoMeTpHUYECKOI IpPOrpeccHueii nocjefo0BaTeIbHOCTD,
3afiaHHaA GopMyJIOii n-ro YieHa:
1)b,= —22n, 2)b, = 33n7
7. B reoMeTpnuecKoii mpOrpecCHy HANTH CyMMY €€ IePBhIX IATH uJje-
HOB, €CJIH:
1)b,=88,9=2; 2)b,=11,b,=88.
8. okasaTh, 4YTO reOMEeTPHYECKAA IIPOrPEeCCUA ABJIAETCA 6ECKOHEUHO
yOBIBalOLIIE:
0] FETET 3)-81,-27, -9, ... ;
24
111
2) S, Sy e 4)-16,-8, 4, ....
) 39 9’ 27 )
9. BLIACHHUTDL, ABIAETCA JIM 'eOMETpHYECKas Iporpeccusa 6eCKOHeYHO
yORIBalOIIei, ecJIm:
1) b, = 40, b, = -20; 3) b, =-30, bs = 151;
3
2)b,=12,b,,= e 4) b, =-9, by = o7
10. BeiuucauTh:
1 . n . 1 3\"
1) lim—;  2) lim (0,2"; 3)lim[1+—=]; 4)lim (_) _2|.
n—eo 4N n—eo n—»o0 on n—oe | \H
11. HaiiTi cyMMy GeCKOHEYHO yORIBAIOIIEl reOMeTPIYECKOi IPOrPeCcCHH,
ecJIN:
1 1 1 1
1) q—E,bl—g, 3)q—§,b5—§1',
1 1 1
:——’ :9; =——,b = ——,
2)q 3 b 4) 9 24="g
12. HaiiTin cyMmMy OeCKOHEUYHO yObIBaIOIIEl NreOMeTPIYECKO IPOrPecCHH:
11 1 1
1)1,=-,-,..; 2)6,1,=,...; 3)-25,-5,-1,...; 4)-7,-1,—-=,....
) 3’9 ) ’1’ 6 ’ ) ) 7’ la 7’
13. 3anucaTs 6eCKOHEUHYIO IEPHOAUYECKYIO JECATHYHYIO APOOH B BUJE
O00OBIKHOBEHHO# ApOoOH:
1) 0,(5); 2) 0,(9); 3) 0,(12); 4) 0,2(3).
14. SIBnsieTca M 0CI€A0OBATEIHHOCT 6€CKOHEUHO yOBIBAIOIIIEl reoMeT-

PHYEeCKOi nmporpeccueii, eCjii oHa 3aaHa (pOpMYJIOi n-ro 4wieHa:

1)b, =3 (-2)7% 3) bn=2-(—§)n_ ;

1 n-1
2)b, =-3 - 4% 4) b,,=5~(—§) ?
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15. HaiiTi cymmy 6GecKOHEYHO YORIBaAIOIIIei reOMeTPIYecKO ITPOrPecCrn:
4
1) 12, 4, 3 5 2) 100, -10, 1, ... .

16. HaiiTit cymmy 6eCKOHEUHO yOBIBAIOILIEl reOMETPIUYeCKO IPOrpeccu,

eCcJIn.
1 J2 J3 9
1 = — = ——,b = —.
) 1= % 16 2°° 8

17. CymMa GecKoHeuHO YOBIBaIOIIIEi reOMeTPHUYECKO MPOrpeccuy paBHa
150. HaiiTu:

2)q=

1
1)b,, ecin (I=§; 2)gq,ecnm b, =T75.
18*. BLIYMCJINTE:
)hm[3 T] 3) lim
N—eo on n—oee g
n+2 n
2) hm[3 z]; 4 lim & - 3)(2? +3.2°+9)
n—oo 3" n—eo 3. 23"
a
19*. Ha ky0 co CTOPOHOI1 @ MOCTaBHJIHN Ky0 CO CTOPOHOI 2’ Ha Hero Ky6
a a
CO CTOPOHO¥ 3 sareM Ky0 cO CTOPOHOI 3 u t.4. (puc. 3). Haittu

BBICOTY IOJIYYHBIIEICA QUTYDHI.

20*. B yroJ1, paBubIii 60°, mocyieioBaTeIbHO BIIMCAHBI OKPYXKHOCTH, Ka-
caromueca Apyr apyra (puc. 4). Paguyc nepBoit okpy»xHOCTH R,.
HaiiTi pagnycsl Rz, R3, vees Rn, ... OCTAJIbHBIX OKPYXXHOCTEH M 1o-
KasaTh, YTO OHM 00pas3yIoT 6eCKOHEUYHO YOBIBAIOIYIO FeOMeTPHYEeC-
Kylo nporpeccuo. [lokasats, uro cymma R, + 2(R,+ Ry + ...+ R +...)
PaBHA PACCTOAHHIO OT I[EHTPA IIEePBO# OKPYXKHOCTH A0 BEPIINUHEI
yria.

Puc. 3 Puc. 4
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§ 3. lericTBUTENbHbIE YUCNA

B § 1 65110 IOKa3aHO, YTO J1}000€ PAIOHAJILHOE YHMCJIO MOYKHO 3a-
MMHCaTh B BHJe 6ECKOHEYHOH MepHOgNUYEeCKOH JeCATHYHOMH JPOOH M KaK-
Jasd 6ecKOHeYHasa AeCATHYHAA MepHoANYecKasa Apo0s — palHOHAJIbHOE
yucgo. Ecau ke 6ecKkoHeuHasa JeCcATHYHAs APoOb He mepuoandecKas,
TO OHA He ABJAETCH pPAalMOHAJbLHBIM unciom. Hanpumep, apobsn
0,101001000100001..., B KOoTOPOI1 noCJe nepBoi U@PEI 1 CTOUT OAUH
HYJIb, II0CJIE BTOPOi IINPpeI 1 — ABa HyJiA U BOOOIIE IOCE 71-i1 UPPBI
1 crouT n Hyseii, He ABaAAeTCA nepuogndeckoii. [Toaromy Takaa apobn
HE MPeJCTaBJIAeT HMKAKOI0 PAllMOHAJBHOI0 YMCJIa. B 3TOM ciryuae roso-
PAT, YTO AaHHAA APOOL ABJIAETCA UPPAllHOHAJIbHBIM YHCJIOM.

Hppayuonanvhoim wucrom nHasviéaemca 6eckonewnas decamuy-
Has Henepuoduueckas Opodb.

HWppanmonajpHble YHCJIA, TAK )K€ KaK U palOHAJbHbIE, MOTYT
OBITH ITOJIOYKUTEJHLHBIMH B OTPHIIATEIHLHBIMH.

Hanpumep, unciao 0,123456..., B KOTOpOM mocJjie 3anaToi 3amuca-
HBI IOAPAJ BCe HATYPaJIbHbIE YHCJIA, ABJIAETCSA MMOJOXKUTEIBLHLIM Hppa-
LHOHAJBHBIM YKcaoM. Unciao —5,246810..., B KOTOPOM moOcCJIe 3aMATOH
3aIKMCaHBI IOAPSA BCEe YeTHBIE YNCJIA, ABJIAETCA OTPHIIATEILHLIM Hppa-
IIAOHAJIbHBIM YHCJIOM.

Yucnaa \/5, ﬁ , —% , T TaKJKe ABJAIOTCA HPPAIlAOHAJILHBIMHA, TAK
KaK OHM MOTYT OBITh 3aNIHCAHBLI B BUJe 6ECKOHEUHBIX NECATHYHLIX He-
NepHuoANYECKHNX ApoOeii.

PammoHajbHbBIE 1 HPPAIIMOHAJBHEIE YHMCJIA 00pPa3yIOT MHOYKECTBO
deilcmeumenbHbLX HUCe.

TaxkuM 00pa3oM, delicmeumenbHbi MU YUCAAMU HA3blB8AIOM 6eCKO-
HeuHble Jecamuitbie Opobu, T.e. APOOH BHAA

+ay,a,a,a, ..., —ay,a,a,a5 ...,
e a, — IieJl0e HeOTPHIaTeIbHOE YUCJIO, a OYKBHI a,, a,, ... 0003Haua-
0T KaKue-1u6o u3 necaru mngpp: 0,1, 2,3,4,5,6, 7,8, 9.

Hanpumep, B 3anucH JeiCTBUTEJBLHOrO yuchaa 1T = 3,1415... yucio
a,= 3, a mepBble TPH AECATHYHBIX 3HAKA TAKOBLL: @, = 1, a,= 4, ag = 1.

B sanmcy AeiiCTBHTEABHOTO Yncaa — 234 =—15,297058... uncio
a, = 15, a necATHUHBIE 3HAKM TAKOBLL: @, = 2, @, = 9, a; = 7, a,= Our.n.

B zamucn peiicreuTensroro yncaa 37,19 = 37,19000... uuco a, = 37,
a lecATHYHBIE 3HAKU TAKOBBL: @, = 1, a,= 9, a,= 0 npn n > 3.

JeiCTBUTEILHOE YMCJIO MOXKET OBITh IOJIOXKHUTEJIBLHBIM, OTPHIIA-
TeJbHBIM HJIN PABHLIM HYJIIO.

Beckoneunas qecATHYHAaA JPo0b paBHA HYJIIO, €CJIH BCe IUGPEI B ee
3aMcy — HYJIH.
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ITono:xkuTeNbHOE NeiiCTBUTEIbHOE YUHCJIO0 — 3TO AeCATHYHASA APOOb,
He PaBHAA HYJIIO, CO 3HAKOM «+», a OTPHUIIATEJIbHOE — CO 3HAKOM «—».
3HaK «+» mepen Apo0bI0 OOLIYHO OIIYCKAeTCH.

Bam u3BeCTHO, KaK BBIIOJIHAIOTCA NeMCTBUA HaJi KOHEUHLIMH AeCs-
THYHBIMH Jpo6aMu. ApudpMeTHUYECKHe OIlepalliy Haj JeCTBUTE/bHEI-
MH YHCJIAMH, T.e. 6eCKOHEUHBIMH AeCATHYHRIMH APO6AMHE, 0OBIYHO 3a-
MEHAIOTCS ONePaluAMH HaJ UX IPUOJIHIKeHUAMH.

Hanpumep, BBIYKUCIAM IPUOIHIKEHHBIE 3HAYEHNA CYyMMBI \/E + \/5 .
C noMoIp10 MEKPOKAJIBKYJIATOPA HAXO0AUM

J2=1,4142135..., J3=1,7320508... .

IToaToMy ¢ TOYHOCTBIO AO €AMHHUIIEI:
J2+/8~1,4+1,7=3,1=3;
C TOYHOCTBIO O OLHOMH JEeCATOM:
J2+3~1,41+1,73=3,14 = 3,1;
C TOYHOCTBHIO JI0 OHOM COTOI: .
\/_.‘3..+\/§: 1,414 + 1,732 = 3,146 = 3,15

HT.A.

Hrak, npy CI0XKEHUH YHCIa \/E H \/§ 3aMeHAJNCh UX Mpubimxe-
HUAMH — PaIMOHAJILHBIMU YMCJIAMH, CJI0}KE€HNE KOTOPHIX BHIMTOJIHAJIOCH
10 UI3BECTHBIM IIPaBHJIAM.

AHAJIOrNYHO, BBIYNCJIAA IPOU3BEIEHHAE \/E\/E , HaIIpUMep, C TOY-
HocThIO 70 0,1, mosyuyaem

J2-/3=1,4-1,7=2,38=24.

Boobme nycThb X;, X5, ...s X, ... — IIOCJI€AOBATEIbHBIE NIPHOIHIKE-
HHA JeHCTBUTEJBHOIO YHCJa X ¢ TOYHOoCcThIO 10 1, 10 0,1, 10 0,01 u T.4.
Torna

lim x, = x,

n—oo
TaK KaK IOrPeIIHOCTb MPHOIMKEeHHA |x — xnl — 0 npm n, crpeMAlEeMca
K 6ECKOHEYHOCTH.

Hanpuwmep, 3Has, 4To \/7 =2,6457513..., npy BEIUNCJIEHNH 3HaUe-

HMI YMCJIOBBIX BBIPAXKEHHI, COTEPIKAIIUAX +/ 7 , MOKHO BOCIIOJIb30BATh-
cA JIOOBIM €ro panHuoOHAJbHBIM NMPHOJIMIKEHNEM: x, = 3; X, = 2,6;
x3=2,65; ....

OTrmeTHM, YTO BCe OCHOBHBIE CBOMCTBA AEACTBUIL HAJl PAITIOHAJILHBI-
MH YHMCJIAMH COXPAHAKIOTCA U IJIA NeHCTBUTEIbHBIX Ynce (IIepeMecTH-
TeJIbHBIH, COYeTaTeJIbHBIH U paclpeenNTeIbHbIA 3aKOHBI, IIpaBHJa
CpaBHEHNd, IPABUJIA PACKDBITHA CKOOOK M T.II.).
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Modyab neficTBUTENLHOTO YKcIa X 06003HauaeTcs | x | u ompenens-
eTcsA TaK e, KaK U MOJYJIb PAIlMOHAILHOTO YHCIA:

x| x, ecau x =0,
a —x,ecan x<0.
Hamnpumep, ecot x = —0,1010010001..., To | x |=—x=0,101001... .

l'eomeTpuuecKy geiicTBUTEJbLHBIE YNCJa H300paKaloTCA TOYKaMM
YHCJIOBOM MpaAMoii (puc. 5, a).

-3 2 V2 -1-0,5 (I) 05 1 V2 2 3

1 Il 1 L

Puc. 5,a A

IMoxkaskeMm, HanpuMep, KAK MOXKHO
reoMeTpUYeCKH YKa3aTh Ha YUUCJIOBOM OCH

TOYKY ¢ KOOpAMHATOH +/ 2. ITocTponm
KBaJipaT co CTOpoHoii 1 (puc. 5, 6) ¥ ¢ no- 0 1 V2 x
MOIIBIO ITUPKYJIA OTJOXHUM AHAroHAIb Puc. 5,6
OA Ha YHCJIOBOIi OCH.

3aMeTHM, 4TO eCJIH OBl He OBLIO MPPAIIMOHAJIBHEIX YHCEJI X COOTBETCTBY-
JOIIMX MM TOYEK YHCJIOBOM OCH, TO IPAMAA OKa3aJach 6bI C «ILIDKAMH», B

YaCTHOCTH, He ObLI0 OBI Ha YHCJIOBOI OCH TOYKH C KOOPAMHATOM \/E .

MHO0XX€ECTBO AeiCTBUTEJIbHELIX YNCEJ «3aMOJHAET» BCIO YHMCJIOBYIO
NpAMYIO, KaXKAOMY AEHCTBUTEJIbHOMY YHCJIY COOTBETCTBYET €ANHCTBEH-
HafA TOYKA YHCJIOBOH MpPAMO¥, U, HA000POT, KaXKAOH TOUYKE YHMCJIOBOM
NPAMO# COOTBETCTBYET €NHCTBEHHOE AeHCTBUTEIbHOE YHCJIO.

TouKky, 1306parKalolIyI0 YHCJIO @, TaKKe 0003HaYaoT 0yKBoii a. OT-
METHM, 4YTO ecJy a < b, TO TOUKa a JIEXKHUT JieBee TOUKH b.

MHO0KeCTBO BCeX AeMCTBUTEILHBIX YKce) obo3uauaerca R. 3annck
x € R (uuTaercd: «x MpHUHAAJIEKHUT R») o3HauaeT, 4To X ABJISAETCA Aeil-
CTBHUTEJIbHBIM YHMCJIOM.

YnpaxHeHus

21. (YcmHno.) BeIACHUTD, KaKHNe U3 JaHHBIX NeCATHYHBIX AP00eii ABIsA-
I0TCA MPPAIlOHAIbHBIMHU YHCIaMM:
1) 16,9;
2) 7,25(4);
3) 1,21221222... (mocJe n-it efUHUAILI CTOUT 7l JBOEK);
4) 99,24681012... (mmocJie 3anATOM 3anMCaHbl MOAPAL BCe YETHBIE
Yuca).

Kuuxpvie noaku coobuecmea 17
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22.

23.

24.

25.

¥YcraHoBUTH, Kakaa U3 nap uuces 4,4 u 4,5 unu 4,5 u 4,6 odpasyer
JeCATIYHBIE NPUGIMIKeHUA YHCIIa \/ﬁ C HEJJOCTATKOM H C H3OLITKOM.
Kaxkoe u3 paBeHcTB | x | = x mun | x | = —x ABNAETCA BEDHEIM, €CIH:
1)x=3-.8; 2)x=4-3/2; 3)x=2,5-32;
4yx=2-%9; 5)x=3- 330°?

BeIACHHTE, KAKUM YHCJIOM (PAllMOHAJBHBEIM KUK UPPALlMOHAJb-
HBIM) ABJIAETCH YKUCJIOBOE 3HAUYCHHE BHIPAXKEHHUS:

1) (/8-3)(3+2/2); 4) (5/3+27): 3;

2) (27 +2)(2- 3,/3); 5) (V3-1% +(/3+ 1P
3) (/50 + 4,/2)/2; 6) (J5-1%-(2/5+1).
Boruncante:

1) J7-J28; 2)20-5 3) ¥2-¥4 4 y81.49;
5) J50:/8; 6)12:/27; 7) 316:354; 8) 3500:3108.

26.

27.
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CpaBHHUTH YHNCJIOBEIE 3HAUEHHA BHIPAYKEHHIA:

1) /3.9 + 8 n JT1+JT7; 2) JT1-21 1 JT0 -3

YupocTuTs:
1) \/(,/7—2JE+J§)-5JE; 2)\/(,/16—6ﬁ +ﬁ)-3;
3) \\/5- 206 +/5+ 26 + 4;

1) \[(\/8+2\/ﬁ—\/8—2\/ﬁ)-2+7;

y (V2-V3)(5+V6)+27 6) (V3+2)(7-V12)-8
2J3+2/2-2 3/12+6V3-9

§ 4. ApudmeTnyeckni KOpeHb
HaTypanbHOW CTeneHn

3amaua 1. Pemuts ypaBHeHUE

x*=81.
A 3anuiieM ypaBHeHMe B BHIE
xt-81=0



AN
(x2-9)(x2+9)=0.
Tak Kak x2 +9#0, 0 x2 -9=0, OoTKyma x,=3,x, =—3. 4
Hrak, ypaBHenue x*= 81 umeeT nBa JefCTBUTEILHLIX KODHA x,=3,
x,=—3. IX Ha3LIBAIOT KOPHAMH YETBEPTOH CTeneHu u3 yucia 81, a no-
JIO}KHATEJIbHBINA KOPEHb (YUCJI0 3) Ha3bIBAIOT APUPMemuLecKum KOpHeM
yeTBepTOii cTeneHu N3 yncia 81 u 0603HaYaIOT %’ﬁ . Takum ob6pasom,

481 =3.

Mo2KHO AOKa3aTh, YTO yPaBHEeHHUE X" = a, Tie n — HaTypaJIbHOe YHC-
JI0, @ — HeoTPHIIaTeJIbHOE YHCJIO, UMeeT eJNHCTBEeHHBIA HEOTPUILIATE b-
HBIA KOpeHb. ITOT KOPeHb HA3bIBAIOT apuMeTHUYeCKUM KODHEM n-i
CTEeIeHH! K3 YHCJIa a.

OnpeneaeHue. Apudpmemuweckum Koprem HamypaibHoll
cmeneHu n 2 2 u3 HeOmMpuyameabHoz0 HUCAa a Ha3bl8aemcs Heompu-
yameJabHOe YUCAO, - CMeneHb KOMopozo pasra a.

ApudmeTHuecKHil KOpPeHb n-i CTeIeHu U3 YHucja a 0003HayaeTcsa

TaK: {'/a . Uucsio a Ha3bpIBaeTCcs NOAKODPEHHBIM BhIpa)keHneMm. Ecim
n =2, To BMecTO &g mumyT \/a .

ApudmeTnuecKnii KOpeHb BTOPOi CTeIIEHN Ha3bIBAIOT TaAKXKe K6a0-
PAMHbIM KOPHEM, & KODEHBb TPEThell CTeIIeHN — KYOUUeCKUM.

B Tex caydyasx, Korjga siCHO, 4YTO pedsb HAeT 06 apudMeTHIECKOM
KOPHE Nn-# CTeneHn, KPaTKO rOBOPAT: «KOPEeHb 7-i CTeNeHn » .

YT06BI, HCNOJL3YA ONpEAeeHre, JOKa3aTh, uTo npu a 2> 0 Y a pa-
BeH b, Hy’KHO IOKa3aTh, YTO:

1)b>0; 2)b" =a.
Hanpumep, 364 =4, rak kak 4 > 0 u 43=64.
W3 onpeneneHnsa apupMeTHYECKOro KOpHA CJIefyeT, 4To ecau a > 0,

TO
(¢a) =a, Yo" =a
Hanpuwmep, (é/?)s =1, (5/1—36 =13.

HeiicTBHE, IOCPEACTBOM KOTOPOTO OTHICKMBAETCA KOPEHb n-il cre-
MeHH, Ha3bIBAETCH U3BAeUeHUeM KODHA N-il cmenenu. ITo NeiCTBHUe AB-
JAeTcA 0OpaTHHIM K JEeHCTBHIO BO3BEJEHUA B 71-10 CTeIeHb.

3amauva 2. Pemints ypaBHEeHHE
x%=8.
A 3annieM ypaBHeHHe B BUJE
x*-8=0
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Wi
(x-2)(x2+2x+4)=0,
(x-2)[(x+1)+3]=0.

Tak kak (x + 1)24+3#0, 70 x—2 =0, oTkKynax=2. A

Hrak, ypaBHeHHe x° = 8 HMeeT OAMH AeHCTBHTEILHBIN KOPEHb X = 2.
Tak Kak 2 > 0, To 3TO 4KuCJI0 — apudMeTHUYECKH KOpeHs u3 8, T.e.

8 =2.
3anmava 3. Pemiuts ypaBHEeHHE
x3=-8.
A 3anuiieMm ypaBHeHHe B BHJe
x3+8=0
A
(x+2)(x2-2x+4)=0,
(x+2)[(x - 1)2 +3]=0.
Tak kak (x — 1)2+ 320, Tox+2=0, oTkyna x=-2. A

Nrak, ypapHeHMe X3 = —8 MeeT OMH AefCTBUTEILHBIH KOpeHb X = —2,
Tak Kak —2 < 0, To 4YKuCJI0 —2 ABJIAETCA KOPHEM U3 YKcJia —8, HO OHO He
ABJIAETCA apudMeTHYeCKUM KopHeM. Yucyo —2 Ha3kIBalOT KOPDHEM KY-
OHMuecKHM U3 uncJa —8 u 0603HAYAIOT TaK:

%/—TE—;:—2I«UIH %’—_8=—-§/§ =-2.

Boo611ie ana 11000ro HEYETHOrO HATYPAJLHOrO uucaa 2k + 1 ypas-
Henne x2**1 = g mpu a < 0 UMeeT TOJBHKO OXMH KOPEeHb, IPUYeM OTPHU-
IaTeJbHBIM. ITOT KOPeHb 0003HaYaeTcA, KaKk 1 apUPMeTHUYECKHHA KO-

peHb, CHMBOJIOM 2k+\’/a . Ero HaspIBalOT KOpHeM HeuemHOU cmeneHu u3
OMpuUYameabHO20 HUCIA.

Hanpumep, 3 - 27 =-3, J -32=-2.
KopeHb HeueTHOIl CTENEeHH M3 OTPHUIATEIHLHOTO YHCJIA @ CBA3AH C
apudMeTHYeCKMM KODHEM M3 YHCJIa —a = | a | creyomuM paBeHCTBOM:

2k+\1/z - _ 2k+=/ —a = —2k+)f lal.

Hanpumep, f’[— 243 = —?/243 =-3.

3anxmayva 4. Beruncants:
#-0,027 - 40,0016 - §729 - Y-128.

AY0,027 - 40,0016 - ¥729 - =128 = §-(0,3)* - §(0,2)" - §/3° - Y27 -
=-0,3-0,2-3+2=-1,5. 4
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ApupmernuecKmii KOpeHb n-i cTerneHu 001a4aeT CIeAyOLINMHU CE0il-

cmeamu.

Ecima>0,b>0 n n, m — HarypajpbHbIE UACJIA, IPAYEM 1L > 2,

m22, To

1. Yab=Ya'db. 3. (%‘/;)m="a’".
a Ya

2. % 4.7fefg =rmfg

B cBoiicTse 1 uncyo b MoxKeT TaKike OBITH paBHBIM 0, B cBoiicTBe 3

YHCJI0O M MOXKET OBITH JIIOOBIM IeJIBIM, ecyu a > 0.

HokaxeM, HampuMep, UYTO

Yab = Yab.

O Bocnons3yeMcs onpeesieHHeM apu(MeTHYeCKOr0 KOPHA:
1) %(7’520, Tak Kaka>0u b>0;
2) ((‘/E(’/l—))n = ab, TaK Kak (K’/E(‘/E)n = (('/E)n ({'/-I;)n =ab. @

AHAaJIOTHYHO AOKA3bLIBAIOTCA M OCTAJbHBIE CBOICTBA.

IIpuBeseM npuMepE! IPUMEHEHHNA CBOMCTB apu(MeTHIECKOro KOPHS:

1) 42743 = 4273 = 481 = ¥3* = 3;

i/— { 4_¥64 _4,
625 6255 15 5
3) @:W:(Us—ﬂ =5% =125
4) 344096 = 94096 = ¥/22 = 2;

81 3

3axmava 5. YOpoCTUTH BhIpaXKeHHNe

(4‘ /asbz )4
3 ,/alzbs

A Ucnionp3yA cBOMCTBA apn(pMeTHYECKOro KOPHSA, oJiydyaeM
(# 3b2)4 232

2
g ( a'2p® g 12b6 a’b

, rnea>0,b>0.

=ab. A
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OTMeTHuM erre OAHO CBOICTBO apH(PMETHUECKOro KOPHA YETHOM cTe-

IIeHu.

IIpu 11060M 3HAUEHHH @ CIIPABEAJINBO PABEHCTBO

%a% =|a|.

O Bocnosis3yeMcs onpezieieHNeM apudMeTHIeCKOTr0 KOPHS:
1) | a | > 0 mo ompezenenuio Moxy1s;

2)|a P¥=a%, rak kak |a|?=a%. @
3amgava 6. YOpocTUTh BEIpaiKeHHne

Yx-5" + Yx- 3P,

ecan 3 <x <5H.

AYx-5* +¥@x-30 = | x-5] + | x-3].
Tak Kak 3 < x < 5, To
|x-5| =—(x-5)=5-x, |x-3| =x-38.
IToaTomy

Yx-5)2 +H(x-30 =5-x+x-3=2. A

YnpaxHeHun

28. (Yemmno.) 1) Haittu appndMeTHUYECKUI KBaJPATHBIA KOPEHb U3 YKCJIa:

29.

30.

31.

22

1
1; 0; 16; 0,81; 169; 2989
2% HaiiTi apudMeTrmuecKnit KyomyecKuit Kopens u3 uncaa: 1; 0; 125;
E» 0,027; 0,064.
3) HaiiTu apudpmeTnyecKnii KOpeHb YETBEPTOH CTENEHN N3 YHCJIa:

0:1: 16; — 2% 60016
* D g1’ 625 :

Brruncauts (29—-31).

1) ¥36°; 2) Y642, 4) Y225

oW
-’

¥
ml"‘
;—/N

12 16
1) $10°; 2) ¥312; 3) (é) 4 (é] :
1) ¥-8; 2) W1, 3) —%; 4) 3/-1024;

5) 3-343; 6) {-87.



32. Pemmnts ypaBHEHHE:

1
1) xt=81 2)x°= 5 3 52°=-160;  4) 2x%=128,

Buruncants (33—37).

33.1) 125 SJEZ; 1) m—i%;
2) 932 - 0,59216; 5) 40,0001 - 20025 + -1
3) —%&‘/ﬁﬁ‘/@; 6)5J;+J—0001 40,0016.
34.1) ¥343.0,125; 3) 4256 0,0081;
2) ¥512216; 4) 3/32-100000.

7
35.1) 353 .73, 2) 11 .34, 3) \5/(0,2)5~85; 4)7(%]-217.
36.1) ¥2-3500; 2) 30,2-30,04; 3) ¥324-¥4; 4) ¥2.16.

8 20
37.1) Y3 .2%; 2 Y255 3 ;}3‘2[1]: 4) 13430‘[1].
3 2

381, M3neus KopeHs:

1) 3/64x326; 2) 4/asb12; 3) 532x‘°y2°; 4) 6/a12b18.

39. YupocTHATH BhIpa)KeHHUe:
3
1) 3,2ab2 3,4a2b; 3) 4@42;
c V b
2) Y3a%° - Y270%; 4 a/% : s/L.
b 2ab

Boruucauts (40—-41).

40.1) 34 9 i/ﬁ' 3 ) 22
) V125’ Va1’ )a )%

¥25¢
41.1) 4324 : ¥4; 2) ¥128:32000; 3) —ﬁ: 4) —%;

5) (V25 - /45) : V/5; 6) (3625 - 35): 5.

1 3aech U fajnee GykBaMM 0603HAYEHBI NOJIOXKUTEJbHbBIE YHUCJIA, €CJIHU HeT AO-
NOJHUTEJbHBIX YCJIOBHA.
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42.

Y1IpoCTHTH BEIPaXKeHHe:

1) Ya" : Yab?; 3) #7 #9;

2) %81x4y:§3xy; 4)(.{8;.

Brruucants (43—44).

2 _ _
43.1) (9/7—3) (%) 3) (932); 4 (¥6)".
44.1) J¥720; 2 Pio2a; 3 .U 4y ¥z U5,
45. YpoCTUTS BEIpAsKEHHE:
3
1 (¥x); 2) () 5 3) (Va-¥)';
6 4

9) (ﬁ/a—z-i‘/b—*’)m; 5) (Jé/%] ; 6) (3\/427a3 ) .

46. ITpu kaKux 3HAYEHHAX X HMEET CMBICJI BRIpaKeHue:
2-3
1) §2x - 3; 2) Yx+3; 3) &2x2 —x-1; 4) 2x_:?
Briunciants (47—48).
2
47.1) 9+ V17 - Jo - VIT; 3) (V5+ 21 +5-21) ;
2 V3+V2 J3-42

2) (J3+J5—J3—J5), Y

48, 1) JOI2, 1) 335 + 418441 — JV256;
¥250 8 2

2) ﬁgﬁo; 5) $11-v57 - $11+57;

3) %Aﬁizﬁ ~J¥64; 6) 417-33 - Y17+/33.

Yupoctuts Beipaxkenue (49—50).

W 53a2b3
3 34 2, 3 .

49.1) 3/2ab -\4a°b - JY27Tb; m

24

2) Yabe - Ya®vc - W; 4) _—W
foxs?



50.1) i’/%/?{\/@)a; 2 3W—(i’/xy_2)5;
e R A e T

3) 2 W—(?/WT; 6) (5a§/5)5—§/5):‘°a2.

51. BuiuucanTs:

1) —%: 3) (¥4-%10+¥25)(¥2+ ¥5);
2 11358, 9 (¥9.+ 96 + ¥4) (35 - ¥2).

52. YpocTHUTh:
1) Y(x-2)° npu:a)x>2;6)x < 2;

2) J(8-x)® npm: a) x< 3;6) x> 3;
3) #(x+ 6)4 + \/(x— 3)2, ecom —1 < x <2;

4) Y@x +1)° - a4+ x)*, ecrm -3 <x <-1.

53*. CpaBHUTH 3HAUEHN A BhIPAXKEHWIA:

1) V3 + %30 u ¥63; 2) 37 +J15 u V8 + 3/28.

54*, JlokasaTp, 4TO:

1) Ja+2y3-J4-2/83=2; 2) ¥9+80+89-80 =3.
55%, YupocTHTh BhIpaKeHHe:
JE—«/I;_Ja_+3/¢E. 3) a-b _ a+b |
Ya- Ya+ib Ya-% Ya+¥b

1 1 _Jn). a_+b__3a:3__32.
2)[%_% %+%](JE Jb); 4>[%+% J_bj (¥a - %)

1)

§ 5. CteneHb C paumoHanbHbIM NokasartesiemM

3amaua 1. Beruncaurs {512,
ATaxk kax 52=(5%4, To ¥52=4(5%)* =5%=125. 4
12

Takum 06pa3oM, MOXKHO 3aIIUCaTh \/4 512 =125 =5% pm V512 = 57,

TaK KakK 3=E.

4
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15
5/--15 5

ToYHO TaK Xe MOXKHO 3aluCcaTh, uTo Vi =~ =17 %,

Boob6uie ecoin n — HaTypajbHOE YHCJIO, 1l 2> 2; m — IeJIoe YNCJIO U

m
YacTHOe ; ABJIAETCA IIeJILIM YHCJIOM, TO IIpH a > 0 cripaBeJINBO pa-

BEHCTBO

Ya™ —an. (1)
m

Ilo ycoBHIO —— — IIeJIoe YKCJIO, T.€. IIPH JieJIeHUH M HA N B Pe3yJib-
n

m
TaTe nMeeM 1esioe uncio k. Torga m3 paBeHcTBa — = k cjeayer, 4To
n

m =kn. IIpuMeHasa cBoOICTBa CTeneHN B apN(PpMeTHUYECKOro KOpHi, I0-

Jy4yaeM
§'/a_”’=§'/;kg=§'/(ak)” =af=

m
m

Ecun 2xe yacTHOe — He ABJIAETCA I1eJIBIM YHUCJIOM, TO CTEeNleHb a ™,
n

rae a > 0, onpefendIoT Tak, 4To6bI ocTagack BepHoit opmyua (1), r.e.
H B 3TOM CJIy4ae CUMTAIOT, YTO

m
ar =Yam. (2)
Taxkmnm o6pasom, hopmy.ia (2) cupaBeJinBa AJA JII0O0T0 11eJI0r0 YKC-
Jla m ¥ JIIo0Oro HaTypaJspHorouuciaan =>2u a > 0.

Hanpumep,
=163 =212 =B -g;
=4 =47t 7147,

273 \/327—2_/ ____ =1
272 2 9

) m
HanoMHEM, YTO pAyUOHALbHOE YLUCAO ' — ITO YMCJIO BHJAA oo e
m
r=—s rgpem — neJjioe, 7 — HATYPAIbHOE YHCIIA. Toraa o ¢popmy.ie

n

.slu Alw

(2) monyuaemMa’ = a* =Y a™. Takum 06pa3oM, CTeleHs OpeeneHa I
J11060r0 panMOHAJILHOTO IOKA3aTe A M JII0G0r0 MOJI0XKUTEJIHEHOT0 OCHO-

m
Bauua. Ecan 7 =; > 0, TO BHIpa’KeHNe Ya™ MMeeT CMBICI He TOJIBKO

npu a > 0, Ho n npu a = 0, npuuem (‘/O—’" = 0. ITosToMy CUHTAIOT, UTO
npu r > 0 BeinosiHsaeTca paBeHctso 07= 0.

ITonpaysces dopmyioii (2), cTeneHs ¢ paliiOHAIBLHEIM II0Ka3aTeIeM
MOKHO IIPEJCTaBUTH B BUJIe KOPHSA X HA000POT.
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m mk
Tak Kak — =_k » Tle n — HaTypaJbHOE YHCJIO, M U k — IeJjible
n n

ymuceaa, B # 0, To npu Jgro6om a > 0

3 6 9 a
Hanpuwmep, 74 =78 =712,
MOXXHO IOKa3aTh, UTO 6CE CE0ILCMEA CMeneHu ¢ HAMYPALbHbLM NO-
KaszameJnem 6€pHbL ONA cmenenu ¢ JI00bLM PAYUOHAAbHBLM TIOKA3ame-
JAeM U NOLONUMENbHbIM OCHOBAHUEM. A NMEHHO A JIOOBIX paIuo-
HAJILHBIX YKCeJ p U q U 106kX a > 0 u b > 0 BepHBI paBeHCTBA:

1. aPa? = aP*d. 4. (ab)? = aPb*.
2.a°:a%9=a""1. 502 =a—p.

b bP
3. (aP)1=aM.

ITH CBOMCTBA MOJIYYAIOTCA U3 CBOMCTB KOPHeEIl.
HdokaxeMm, HarpuMep, CBOiicTBO aPa? =aP*i,

k
OIlycrs p= ﬂ, q=—, rge n ul — HaTypaJbHBIE, M U K — IeJIbIe

n
yucia. Tpebyercd foKas3aThb, 4YTO

m k m k
—_ - —_——
n

ara' =a" !. 3)

IIpuBensa npobu B — K 00IemMy 3HaMeHaTeJ0, 3alINChIBaEM Jie-

BYIO 4aCTh paBeHCTBA (3) B BHJe:

m k ml kn
anr al =a nl a nl
I/ICHOJIb3yH orpeaejeHne CTernneH C palliOHAJIBHBIM IIOKa3aTeJieM,

CBO¥iCTBa KODHA M CTEIIEeHH C IIeJIBIM I[TOKa3aTeJieM, [ojy4dyaeM
m k

_a7 - a; nl — ",l’ "‘l, kn ‘l/aml gt = n‘l/amlﬂm _

mikn  m k
=a nl =a n l . .
Amnanoru4so AOKa3bIBAIOTCA OCTAJIbBHBIE CBOMCTBA CTEIIeHH C panno-
HaJILHBIM IIOKa3aTeJIeM.

IIpuBeseM npUMepnl IPMMEHEHNS CBOICTB CTEIIEHH:

13 1,3
1) 74.74 =74 4 =7;
121 1
2)93 96=9036=92=,0=3;
s 13 3 3 43
3 =16%4=164=(24)4 =2 4+ =23=-8:
) (1) =16 @) =2 1=2°=8;
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2

I
t‘.O

1 1
3amauva 2. Buuuciauts 25% 1255,
1 1

=
ln—

A 255 - 1255 =(25-125)% = (5 )o=5. A
4 4
a3b+ab3
3amada 3. YOpOCTHUTH BEIpAYKeHHE ———.
P P Yardo
ears_ alasess ]
3 3 3.p3
AQ b+ab (11 +b —ab. a
G 31
17 15
a3—a3 a 3-a3

3anmaua 4. YOpoCcTUTh BRIpasKeHHe T 1~ _ﬁ-
a3-a3 ad+a 3
r 7 1 5 1

a3-a3 a 3-a® a3(1-d®) a 3(1-a?
A G- -alra) o Qd) 4 (1-a)=20. A

a3-a3 ad3+a 3 ag(l—a) a_§(1+a)

3amaua 5. Bkanagunk nomemaer B 6anx 1000 p. Bank exxerogHo
BHIIZIaYKMBaeT eMy 3% OT CyMMH BKJajxa. Kakyio cymMmy ZeHer moJy-
YHT BKJIAAYNK Uyepe3 3 roga u 5 mecamen?

A AckoMasa cyMMa BBIYHCJIAETCA 10 ()OPMYJIE CIO0KHBIX IIPOLIEHTOB

t
S=a|1+-2 |,
a( +100] 4)

rAe @ — nepBOHAYaJbHAA CyMMa JIeHer; p — YHCJIO IPOIeHTOB, HAYuC-
JIAeMBbIX OaHKOM B I'Of; ¢ — YHCJIO JIET, B TeUEHNE KOTOPBIX AeHLI'M Ha-
XOQHJINCH B OaHKe.

5
B nannoii 3agaue a =1000,p =3, t= 355 . ITo ¢popmy.ie (4) HaxOAMM

32
S =1000-1,03 12,
BrrunciieHus MOXKHO MMPOBECTH HA MUKPOKaJIbKyJiATope. Hanpumep,
Ha MK—54 3T0 M0OXXHO cZies1aTh 110 CJIeAYIOLIEei mporpaMmme:

5 B112 [ 3 [ 1,08 [F] [x*] 1000 X 1106,2684.

OrBerT.1106p. 27 K. A
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56.

57.

58.

59.

61.

62.

63.

YnpaxHeHun

(Yemmno.) IlpeacTaBuTh B BHAIE CTEIIEHN C PALlHOHAJILHEIM IIOKa3aTe-
JeM:

nv; 2l P 9% 5% 6 Wl

(Yemno.) IlpeacraBuTh B BUie KOPHA U3 CTENEHM C [IEJIBIM II0Ka3a-
TejieM:
1 2 5 1 1 2

1) x4 2)y5 8)ad 4535 5 @0’ 6) @ o
Briuncauts (58—62).

1 1 2 3
1) 642; 2) 273; 3) 83%; 4) 814; 5)167%5; 6) 9715,
PR 2 s 2 1
1) 25.25; 2) 57.57; 3) 93 :96
105 i 1
4) 43:45, 5 (T3 3 6) (812)™.
2 2 2 2 3 3 3 3
. 1) 95. 275; 2) 73 . 493; 3) 1444 : 94, 4) 1502 : 62,
01 = 9 2 6 4
o (L] (2T5 586305
16 8 K 2 3
2) (0,047 -(0,125) 3; 4) 6°)°+(0,24™
1 _0.75 19 1
1) [_ +810000°'25—( it ]";
16 32
2 £ 1=
2) (0,001) 3 -272(64)% -8 3;
2 1
3) 273 -(-2)%[3%] 3,
L
4) (0,5 -625%% (2‘-11J 2,
5) (0,0625)%% + (-2)2 +¥/25.5°%.
HaitTi 3HaueHNe BhIpaYKeHUA:
s~ 6 \/B 3 b2
1)\/;-\/; npu a =0,09; 3) nb=1,3;
2) Vb : §b npu b=27; 4)[ Ya. 13/— npua=2,7.
. Hpel[CTaBI/ITL B BHJe c'reneHn C paiNOHAJIBHBIM HOKaBaTeJIGM

1) a3 Ja; 2) b2 b3 %b; 3) ¥ : bﬁ
4
1) a® : a; 5) 2.2 Vx%; 6) (382t

29



65.

66.

67.

68.

69.

70.

71.

72.

30

BrinecTH oOmuit MHOKHTEIH 38 CKOOKH:
1 3

1) x2 +x;
1 1

2) (ab)E + (ac)g;

1
3y yt-y 4

1 1
4) 12xy2 - 3x2y.

IMonb3ysack ToxaecTBoM a2— b2=(a — b)(a + b), pPas3I0XKNUTH HA MHO-

KHUTEJIN:
1 1 2

1) a2-b%  2)y3-1
1
5) 4q2 -

4)x-y;

1 1
3) ad -
1 1
6) 0,01mS — ns.

Pa3noxkuTs Ha MHOXXHUTEJIN, HCIIOJIb3Y A TOXKAEeCTBa

a®+b3=(a+b)a®—ab+b% nmmad -

3
1a-x;

RE
a3(a_§+ %)
) ai(ﬁmi)
bs(Jl? i’/l?)
b3(¥p- \/3'_)

BeruncanTs:

2)

3 1 5 1
1) [23.3 3_33.2 3}.%’/(_5;

YOpocTUTH BhIpasKeHue:

1

1) aaxlﬁa%;
1

2) b12p¥p;

CoxkpaTuTh ApOOH:

D T
x2+y2
J_ Vb

1 1
at-bt

2) x2 - yE;
YupoctuTs Beipaxkenue (68—69).

b3 =(a - b)(a?+ab+b?):
11

1
3) a2 - 4) 27a + c2.

1

a® 4 \i2
5 1
asbl-aq 3
1 1

4) ad3Jb+b3Va
Ya+%

3)

1 3
2) [54 24-24; 54] -41000.

1
3) (\/3 ab? + (ab) © JJ‘* ab*;
2 2
4) (%+%)[a§+b§—%].

11

24n2
3) me+n

m+2Jmn+n’
1

c—?c5+1

4) - = -
) Je-1



Yupoctuts Beipa)kenue (73—76).

1

- 2 2 _
73. 1) :lc yl; 2) lc r - 1Cb " ?tz 4£'b
242 > 13 5 c-b
12 yz xZ+y? c2+b2  b2_c2
b 1 1\ 19 13
74.1) (1—2\/E+—]:[a2—b2]; 3) a“—a; —blz_bf;
°e at-at bZ+b 2
1
11 5 o7 3
2){as+b3]:(2+§/§+d§); 4)‘/‘1—0 b_\/a_alb‘
v 1o 4G5
3
75.1) ab?  2a*-4dab. g L _ Yo+
-b 3.3 2 2’
J—+J_ J_ Va ¢ Ya+ ¥ a3-Yab+b3
o) 3y __wly___wlx Y47 _ab
i V- \/— \/_+\/_ y_ \/_ a3+¥ab+b3
3~ _3 I 1 s T 1
Ya-% ad+b3 g 1 a3-b3
a+b -b a3-b3 1
2) Z. l l E - 2 l l E; 4) a+b + g l l E .
ad3-a3b3+b3 a3+a3b3+b3 a3—adb3+ b3
77*. YupocTuTh: .
x+y x-y x§_y§
De—Fr2*+7 711z 1T O
x3-x3y3+y3  x3+x3yl4+yd  x3-—yB
(a-b)* a®-b? _
3 3trT 1y 11 Y
a?-b? [a"’+b2 ][a+a2b2+b]
1 1
4n2  2n2 2 2
3) — + T 1 1+ T s
n2+1 1-n2 n2-1
2 1 i
3,5x3 1
4)|3x3+5x3 1 4x344+ L |
x+1 1 I
x3+1 x3

78*, BKkaaguuk BiaoxxuJ B 6ask 5000 p. mox 2% roxosuix. CKOJIBKO Je-

Her OH ITOJIYYHT uepes 3 roxa?

79*. BaHK BHIIIJIaUHUBaeT eXKerogHo 3% oT cyMMHI BKJajaa. CKOJBKO ae-
HET MOJIYYNT BKJIAAYHK Uepe3 2 rofa 7 MecAleB, eCJIM Ie€PBOHAYATIE-

Had CyMMa BKJIaia COCTaBJidAjia

2000 p.?
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§ 6. CteneHb Cc AgencTBUTENbHBIM NOKa3aTesiemM

HOKa)!(EM, KaK MOXXHO OIIpeaeJINTh CMmeneHb ¢ UppayuoHaJlbHblM Nno-

2
KaszameJsem Ha IpIMepe 32 .
Ilycts 7y, Iyy gy eees Tps oo

MpUOIMIKEHNH Yncaa \/E (HampuMep, C HeIOCTATKOM):
r= 1,4; ry= 1,41; rg= 1,414, ....

— II0CJIeAOBaATEJIBHOCTh AECATHYHBIX

9Ta mocJIe0BaTeIbHOCTh CTPEMHUTCA K YHCILY V2, 1e.
limr, = J2.

n—oo

Yucna ry, ry, ry, ... ABIAIOTCA PAIMOHAJIBHBIMY, H JJIA HUX OIpe-
neneHsl crenern 31,372,387, ..., T.e. onpezesieHa mocae0BaTeILHOCTD
31,4’ 31,41, 31,414’

MOHCHO IIOKa3aTh, UTO 3Ta 110CJIeaA0BaTEJIbHOCTH CTpeMHTCﬂ K HEKO-
TOPOMY AEACTBUTEIHHOMY YHCIY, KOTOpoe 0603HaYaIoT 32 , T.€.
32 _ lim 3™.

n—eo

IIycts @ > 0 1 x — NpPOM3BOJILHOE MPPAIMOHAJLHOE YKucao. Pac-

CMOTPHM IOCJIEJ0BATEBHOCTD X1y X9y Xgs «es X5 ... AECATHUHBIX [IDH-
GJIM)KeHHH Yrcia X. ITa 1nocjaef0BaTeIbHOCTh UMEET Mpelelt

limx, =x.

N—oo

MO3KHO IIOKa3aTh, UTO [10CJIeZ0BATeILHOCTE a1, a2, a™3,...,a™",...
TaKiKe NIMeeT npejeJi. ITOT npeaeJ 0003HAYaloT a* M Ha3bIBAIOT CTeIe-
HBIO YKCJIA a C TIOKA3aTejIeM X:

a* =lima™.
N—oo

Takum 06pa3oM, CTeneHb a* omnpejaesieHa A jwoboro a > 0 u Jio-
60ro eiCTBUTEJHLHOIO IIOKA3aTeJd X.

IIpu nm060M x € R n 11060M a > 0 cTenenb a* ABJIAETCA MOJIOMH-
TeJIbHBIM JeHACTBUTEIbHBIM YHCJIOM:

(a">0npu xe R, a>0.

Ecau ocHoBanme crenenu a = 0, To crenens 0 onpenesAOT TOJBKO
npu x > 0 1 cuuramor, uro 0* = 0 npu x > 0. Hanpumep, O‘E =0; 0%1=0.
IIpu x < O Beipakeune 0 He mMeeT cMmbicia. Hanpumep, BHIpaKeHUs
01, 0"/5, 0° He UMeEIOT CMBICIIA.

IIpu TaKOM onpeje/IeHUH CTENEeHH C AeiCTBUTEILHBIM I1I0Ka3aTeeM
COXPaHSAIOTCA BCE M3BECTHHIE CBOMCTBA CTEIIEHM C PAIlMOHAJIBLHBIM II0-
KasaTeseM. ChopmyiipyeM 3TH CBOMCTBa.
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Ilyctrba >0, b>0, x,x,m X, — J00ble AeHCTBUTEIbHBIE YHCJIA.
Torga cripaBeiJINBLI PABEHCTBA:

afla® =gM1**2, (1)
a™ _
— =gz, (2)
a™2
(@)™ =a™", (3)
(ab)* =a*b*, (4)
X x
2%

Jloka3aTeJbCTBO 3THX PAaBEHCTB OCHOBBIBa€TCA Ha CBOMCTBAX CcTere-
HM C PAllMOHAJILHBIM IIOKAa3aTejieM M Ha TEOPHH IpPeJeJiOB I0CJef0Ba-
TeJIbHOCTEH, KOTOpas H3yuaeTcs B Kypce BHICIIEH MaTeMaTHKH.
a\/§—1 V3+1
3amaua 1. YOpocTUTh BEIpayKeHHNe W.

A IlpuMeHsas CBOMCTBA CTENEHH C JAENCTBUTEJbHLEIM IIOKa3aTeJjeM,
noJiyyaem
(aJi-l)J:'s+1 a(Jﬁ-l)(Jﬁ+1) a2
= =—=a. A
a

53 gt i

IIpuBesneM ellie OAHO CBOMCTBO CTENEHHU, JOKA3EIBAEMOE B KYpPCe BBIC-
meil MAaTEMATHKH C IIOMOIIBIO TEOPHH IIPEeJIOB: A Jiro6oro a > 1 u Jjtio-
Goro x>0 umcio a* Goapie 1, T.e.

a*>1luopua>1, x>0. (6)

C nmomornsio cBoiicTB (1) — (6) JoKa3kIBalOTCA CiIeLYIOLIYe CBOMCTBA
CTeNeHM.

Teopema. Ilyctba > 1m x, < x,. Toraa a™ <a™.
0 Io yenosuio x, — x, > 0. IToatromy mo cBoiicTBy (6)

a2 ™ >1,

YMHBO2 MM 00e YaCTH 3TOr0 HepABEHCTBA Ha MOJIOMKHUTEHHOe YHCI0 a™:

a™ -a®™ >qg",
Otciona mo cBoitcTBy (1) moyunm a2 >a™. @

Caepcreue 1.Iycre0<a<1 m x,<x,. Torxa a™ >a™.

1
OTakkak 0 <a <1, To ; >1. ITosToMy M3 TeOPEMHI CJIEAYET, UTO
opu x; < Xy 1 X1 1 X0
a a

2-10. M. Konsaruu, 10 xa. 33



1 1 1
- —<—, o1
—+ CaiepoBaresnsHo, g% OT

X
ITo cBoiicTBy (5) cTenenun (—J =
a a

KyZa a™ >a*2. @

CanepmcrBue 2. Ilyctea>0,a#1, a™ =a™. Toraa x, =x,.

O IIpeAnoI0XKHM, YTO PABEHCTBO X, = X, HE BLINOJHAETCH, T.€.
x, < x, Wk X, > X, . [lycTs, Hanpumep, x, < x,. Torga mpu a > 1 mo
TeopeMe OMKHO O6bITh @™l <a*2, ampu 0 < a <1 mo caexcruio 1
IDOJKHO ObITE @™ > a*2, 4TO MPOTHBOPEYHT yCcI0BHIO a™ =a™2, @

523 4 532,

3amaua 2. CpaBHUTH YHACJIA
A CpaBHHM mnokasaTeJan 2\/5 " 3\/5 . Tak kak 2\/§=\/1_2,
342 =18 112 < 18, To 243 < 3v/2. IloaTomy 1o Teopeme 523 (532 A

T 8 )
3agaua 3. CpaBHHTH UNCJIa [Z) u (4_1) .

ATak kak 0 <mt <4, TO 0<%<1.

CpaBHMM IOKa3aTeJIn: \/g < \/5, T.e. J’é <3.

n & T Y
IIpnmenss cnencrue 1, nosyuaem (Z] > (Z] .

3angaua 4. Pemnrs ypasrenne 4° = 24‘/§
A Tlo croiicTBaM cTenenn 4* = (22)* = 22*, [JoaToMy ypaBHEHHNe MOXK-

HO 3anucaTth TakK: 22"=24‘/§ IIpuMeHnss ciaeacTBHe 2, MOJydyaeM
2x = 4J§, OTKyJa X = 2\/5 LA

p__p
Cnencreue 3.Ilycts 0 <x, <x,. Tornaecmmp >0, 0 X <X3,

PP
aecmup<0,T0 X >X;5.

X
O Ilo ycnoBuio =2>1. 1) Ecam p > 0, To no ¢opmyJie (6) nmeem

X1
X2 . xy PP p__P
—= | >1. Mo cBoiicTBy cTenenu - 1, otkyna x5 > x;, T.€. X1 <X5.
x X -p
2) Ecnn p <0, T0-p >0 umno popmyne (6) umeem | X2 | 51,
X
1, A

o'my;[a—> >1, x{ >x5. ®
% S

Takum o6pa3om, IPH BO3BEJEHNH HEPABEHCTBA C IIOJIOXKHUTEJIbHEI-
MH JIEBOI ¥ TPABO YaCTAMH B II0JIOXKHUTEJIbHYIO CTENIEHh 3HAK HEPaBEeH-
CTBa He MEHAeTCH, a IPH BO3BEJEHHUH B OTPHUIATEJLHYIO CTEIIeHb 3HAK
HepaBeHCTBa MEHAETCA Ha IIPOTHBOIOJJIOMHBIM.
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3amaua 5.CpaBHUTH UHCJIa x/§ " % .
ATlo CBOPICTBaM CTerneHu nonytlaeM

(f) —(22) =23=8; (f3)° —(33)6—32—9 Tak xak 0 < 8 <9, T0
86<96,T.e.J§<§/§. A

Beruucants (80—-83).

80.1) 25 .25,  g) 322, 9%,

81.1) 2235 . g6,
2) 342%2 . g%,

3) 6123 . (4Y3 .9V,

82.1) 21-2V2 42,
2) 8238 a7,
1077

22+J7 1447 °
63+J5

83.1)

2 22+J5 31+~/5

YnpaxHeHus

3) )% 4) ((0,5)7)".

1) 5"
5) (2\/5 )\/5 + (3\/§+1 )\/5—1;

6) (51—\/5 )1+\/5 _ (\/5)0-
3). 91+\/§ . 31—\/5 X 3—2—\/5;

3) (251+\/§ _ 52\/5) 5—1—2\/5;

4) (22\/5 _ 4\/5—1). 2—2\/5.

84. BRIACHHUTD, KaKOe U3 YHceJ1 0oJbIe:

8

7 —_
1) 0,18 wm 0,19;

_2 _3
2)53 mm 5 ¢;

3)3‘/7_11«1111«13‘/6_9;

V3 V2
ofg wn[sf
3 3

85. CpaBHHUTB YHCJIO C EZUHUIIEH:

1) 273 2) (0,013)7%;
1 V3
5) 275, 6) (E] ;

86. YIpoCTUTE BhIpAXKEeHHE:

1) a‘/E -al_‘/i;
2) ax/g—l 'a\/§+1;

2%

5) 4_“/§ NN 4_‘/5 ;

6) 2 wn Pl
1,4 V2

7) 1 IR (l] H
2 23 14

T 1 -

8) 1 AN [— .
9 9

5

3 (2], 1) 27"
7
n V5-2 1 V8-3
0= ; 8) [—) .
4 3

3) pYEE , V2,
4) 03B v
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87.

CpaBHHTB YHCJIA:

1) ¥2 u¥3; 2) 45 u 7.

88.

89.

91.

92.

93.

94.

36

Yuopoctuts Beipaxkenne (88—89).

V3 V3
1y B 3) (@ -6y +b%);
(mn)2+~/§
2) xﬁ,yﬁu; 1 [2a‘0'5—lb“/§ )(lb“/3+2a‘°'5 ]
()" 3 3
1) (al+\/§ )1—\/5; 3) (agé+g§ )%-%*—%;
5
2) (m::ﬁ ) . m3___\2/§; 4) (a%+%+l)l—%.
. Peminths ypaBHEHHE:

2x -1
1) 52 =54, 2) [1) =(EJ ;o 3) 97 =322 4)16%=2%.

2 2
Pemnts ypaBHEHHE:
1) =3 = J7; 3) (V2)* = 2V2;
2) 2552 = 5./5; 4) (V3)** =3/3.
CpaBHNTH YHCJIa:
1) 310 u 920; 3) V17 u ¥28;
2) 45 u I7; 4) #13 u §/23.
Pemuts ypaBHEHHE:
1 2x+1 J_ 93x+4J— 27x_1
1) | —= = (3V3)*; 3) 3="—-—;
%) B
¥9)*-1 2 2 8 3x-2_[3
2) @2y =(_) : 4) ——=4%2J2,
¥2 2y
YnpaxHeHus k rnase |
Briuucauts:
) 548+8,02 9 20,88:18+45:0,36 _
) (1.97+8,77):3,72 1959+11,95

3) (0,645 :0,3- lm]~(4:6,25—1:5+1-1,96];
180 7

4 (1—0,375) : 0,125+(§—1) : (0,358 0,108).
2 6 12



95. I[IpeacraBuTs B BIE OOBIKHOBEHHO Apo0H:
1) 1,3(1); 2) 2,3(2); 3) 0,(248); 4) 0,(34).
Boruucants (96—99).
3 3
1
96. 1) 15%; (0,5)% [5) ;s (-1,1)% (_12) ; (0,2)4
9 -1 3 1 -2
2) 48% 107% (—) 5 (0,3)3 (-1,2)73 [22] ;
3
3) ¥27; ¥81; ¥32; ¢8%; §he?; Yar?;
102 12 32
4) 83; 273; 100004; 325; 32 5; 5]3'

97.1) ¥5°.7%; 324.4%; 152; g;

1 1 -1 1 1 4
2) 56°:872; 164 252; (i) . 92, 83[1J : 167
Lo s 15 2
273[1] :814; V100-492.357L;
3
B 1 643
3) (16-81-625) *; (27-0,008-125)%; (M) 2
111 4 0,01
9 5454 7373 (0,3"(0,3)!
2 0 7?7 0,3)" .
-1 g - 2
3 (2 1 13 =
98.1)2—(51 ; 2) (2—7-1251) ; 3) 273 + 971,
! 64Y3(8Y" 0Y3(3Y
-= 2 10 ) 3
4) (0,01)2 : 100 2; 5) [—) [—] ; 6) | 2— (—)
81) (5 27) |4

7

3 4ol 3 63, 5. 42.
99.1)%{2} 2)‘{/:464, 3)‘{/1578-&,
1) 3/117}#%: 5) (J3J2_7)2; 6) (J%/Tﬁ)a.

100. Pacnos0:XuTh 4KCJia B IOPAJKE BO3pPaCTaHNA:

1y? AT
1)1375, 2°1 [—] H 2) 989, (—) , 325,
2 7
101. CpaBHHUTB UHCJIA;
1 ¥
L (6% D 3 \?
1) (0,88)6 u (—T; 3) (4,09)° u (4—) ;
) 11 5 254’
2 1 -5 -5
2) (3] ‘1 (0,41) 1 4) (H) u (E) .
12 12 13
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102. YupocTHTh BeIpaXkeHne, IpeiCTaBUB ero B BUJIE CTEIIeHH ¢ OCHOBa-

HHeM a:
1- -
a 2a7% -3a3
1) —5—; 2) ——; 3) (@*°)?¥a;
asd a3 \
3 ¥ Y2’ %
1) Z/a_z[a“) ; 5y S22 6) | =
aa 6 at
103. YpocTUTh BhIpaXKeHue: .
J2 3+
1) x—2~/§ . 1 +1. 2) a‘/é a ' JE
V21 > pi3-1 =

1 1

104. CpaBHHUTH uncCJIa:
2
pe

o
2 3 3

105. Pemruth ypaBHEHHE:
1

1

4

1141
6 17

1141
4 5

[ o] ]

1) 6% = 65; 2) 3= 27; 3)71-3x = 710;
1 -3
4) 22x+1 = 32, 5)42+x =1, 6) [g] =5.
106. Coupa’m’rf IpoOb: .
4
1612 as_bd
5y4+20 as-bd
107. YupocTHuTs:
3 1 1
ab2-b2? b b2
1)—1—_1 > 2)—-—+1 T
a%b2-1 7 a2+b?
Mposepb ceba!

1. BeIYHCINTD:
2 7
153 .33

T 2)[

5 3

4

5

1)

jz_(271

2. YIpocTHTh BEIpaXKeHNe: 7

ab’ % a
EE

1

)3+4-379°; 3) (%/@a;/{):%.

-3.43
—
a3
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)

a-9a?
3. Coxparurs Apo6s — 1+
Tat+21

2\ 1Y
4. CpaBHHUTB YHCJIA 5(;) %1 5(2) .

5. YOpocTUTh BEIpaXKeHUe (\3/5 +¥b)% - (¥a - ¥b)2.

108. IToxa3aTs, 4YTO FeOMETPHUUYECKAA IPOTPECCUA ABJIAETCA 6ECKOHEUHO
yOBIBaIOILIIEi, €CJTH:

1)b,=-81, S,=162; 3) b,+b,=130, b, — b, =120;
2) b,=33, S,=67; 4) b,+b, =68, b,— b,=60.
109. 3anncars 6eCKOHEUHYIO IEPHOAUUYECKYIO AECATHYHYIO ApO0h B BIe
0OBLIKHOBEHHOI :
1) 1,10(209); 2) 0,108(32).

110. IIpoBepuTH PaBEHCTBO:

1) ¥26+153-.2-v3)=1;  2) I5y2+7-5/2-7=2.

111. OcBoGOAUTHCA OT MPPAIIIOHAJILHOCTH B 3HAMEHATEJIe JPO6H:

2 5o 3.
D= 2) = )&
1) 2 B =2 6) s
‘&= GG R
%) _1___; *) 1
1+J§+J§ §/Z+§/5+i’/§

112. BEIUHCIHTD:
1) @7-¥9)F19+¥28+316);  2) F4-¥10+¥25)F2+ ).

Yupoctuts Beipakenue (113—114).

118, 1) Lody ety 3) ‘E‘#y—z+%;
Gy Gy Gy
9) XY __ Xty . 4) M_L
G-y Yerdy Y
14 3 2 2 2 2
adb+abd 1 a3-b3 a3+Yab+b3
114. 1) —T1 1 17T 5 3) T 1 ab H
a3+b3  ad%hd ad+bs8
1 1 1 1 i i i i
2) a’-b® abd-a’% 4) a®-b% a®-Ya?h?+b3
Yab Ya+ib Ya-%  Ya+¥b
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Yupoctuts Beipaxkernue (115—116).

2 2 2 2 ¥ _ 1
115. 1) 4a°-9a +8 —4+3a ]; 2) ;_[ a-b ] -(ab)_l.

2a-38a7! a-a! (@a+b)? | a®-b8

116. 1) "‘ﬁa‘/— I(«/_ %) +3(¥a+b) ]
-3

a—a_1 y 1 .

2) (%%F+%+1)(%’(F+%—l)+ ¢ ’

r 5
y | (e 80)+(a-95)" | g
a+ab

3 3 4
4) a2—b2_ ab¥a +ab3 _ 1

JE-JEV Ll avb

ad3+b3

117*. lokasaTb, 4TO:

U624 7007 2) $20+ 1492+ 20- 142 = 4.

3-2

UCTOPUYECKAS CNMPABKA

1. UcTopus aeincTBUTENbHbIX YuCen

Eme B V B. 1o H. 3. B mKoJe ITugazopa 6610 fOKa3aHO, YTO MHO-
JKeCTBa pallMOHAJIbHBLIX YHMCEJ He XBaTaeT AJIA TOUHOTO H3MEepeHHNsd
IJIAH J00bIX oTpe3koB. OAHOM M3 mepBBIX 3afa4, BHIBOAAIIMX Ha IIO-
HATHE HECOM3MEPMMOCTH OTPE3KOB, OhljIa 3asauya HaXOXKJAEHUA CTOPO-
HBI KBajipaTa, ILJIOMAAb KOoToporo paBHa 2. Tem camMbiM OBIJIO KOKa3a-
HO CYIIIECTBOBaHHE HECOM3MEPHMALIX OTPe3KOB. Meio nJoKa3aTesbCcTBa
METOAOM OT IIPOTHBHOIO (haKTa HECOM3MEPHUMOCTH AuaroHajeil KBajapa-
Ta X ero CTOPOH MOXKHO HaiTH B «Hauamax» Eexauda (IV B. 1o H. 3.).

Bce mocienyromnue nocie EBkanaa roael, Bryiots g0 XII B., MmaTema-
TuKH UHAann 1 BocToKa HCI0/I530BAJIN NPPAIlOHAIbHBIE BeIMUUHEI JJIA
HYKJ MaTeMaTH4YeCKOil HayK! X aCTPOHOMMM, HO He IPDU3HABAJIM HX 3a
ypcya. B Hauane XII B. mepcuacKuii 1 TafoKMKCKHUI 1103T, MaTeMaTHK B
dunocod Omap Xaiiam (ox. 1048 — mocsie 1112) TeopeTryecku paciiu-
PHJI IOHATHE YHCJA N0 MOJIOXKHUTEJbHOTO0 AeHCTBUTEJILHOIO YMCA.
B XV B. caMapKaHACKWI yYEHBIH ab-Kawiu cTaja N1pUMEeHATh JeCATHAY-
HbI€ JPOOH AJIA YBEeJIMYEHNSA TOYHOCTH M3BJIeUeHNsa KopHeii. B 1594 r.
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HUZEPJaHACKHUI MaTeMaTHK 1 uHkeHep Cumon Cmesun (1548—-1620) B
Kuure «[Ipnbamxkenuns K aaredpe» moxasaj, YTO JeCATHYHBIE ApOOH
MOKHO HMCII0JIb30BATh AJ1A 0ECKOHEYHO OJIM3KOro MpuOJIMIKEeHNA K TOU-
HOMY 3HAUCHHUIO HPPaMOHAILHOTO yKcia. [To3xke ppaHIy3cKHil MaTe-
MaTHK, puaocod, pusuk u ¢pusuosor Pene Jexapm (1596-1650) no-
Ka3aJl, YTO HpPanOHAJIbHEIE YHCJIa, KaK ¥ PallHOHAJIbHBIEe, H300paka-
IOTCA TOYKAMHM Ha YHMCJIOBOH OCH M 00pa3yIoT BMeCTe C palliOHAJIbHBIMHI
YHCJIAMH MHOYKECTBO JeHCTBUTEJILHBIX YNCEJI.

2. UcTopma 4UCNOBbLIX NOCNIe[0BaTeNIbHOCTEeN

B apeBHOCTH y2Ke yrnoTpeO/IsA/IN NOHATHE IIOCJEeA0BATEIbHOCTH —
ObLIN M3BECTHHI GECKOHEUHEIe I10C/I€A0BATEIHbHOCTH HATYPAIbHBIX, YeT-
HBIX M HEUETHBIX YHCeJI, [10CJIe0BATEILHOCTH IIPOCTHIX YHCeJ M o6paT-
HEIX HATYpaJbHBEIM. Pa3jnyajy mocjieqoBaTeIbHOCTH BO3pACTAOIINe 1
yOBnIBaloIIe, AJIs HEKOTOPHIX IOCJIeA0BAaTEeJIHbHOCTEH yYMeJN HaXOOUTh
BhIpa)KeHue-GopMyJIy UX o01Iero wieHa. I mocjief0BaTeJIbHOCTH IIPO-
CTHIX YHceJI opmyJia 00IIIero 4jeHa Hem3BeCcTHa, Ho emie B 111 B. o H.3.
aJIeKCAaHAPMICKHUH yUeHBI dpamocger yKasay cnocob (HasBaHHBIH
no3aHee «penieToM IpaTocdeHa») MOJy4YeHU MPOCTHIX YHCeJI.

YnoMuHaHNsA O IPOrPECCHAX, YACTHBIX BHAAX IOCJEJ0BATEJILHOC-
Tei, BocxoaaT Ko Il TeicaueneTnio o H.3. I[IppMepsl apudMeTHUYECKHX
¥ FeOMEeTPHYECKHX Mporpeccuii HaJeHbl B KJIWHOMMCHBIX TabJIHYKax
BaBIWJIOHSAH M B eCHIETCKHUX Manupycax. 3HaKOMYyIo HaM GOpPMYJIy CyM-
MBI TeOMETPHYECKOIi MPOrpecCHN MOXKHO HaiiTu B «Hauanax» EBkiu-
na. Agea HaxOoaeHUA npejesia yObIBAIOIEH [10CIeJ0BATEIbHOCTH 110~
sasuyack B V-1V BB. 10 H.3. B kumnre Apxumeda «KBaaparypa mapa6o-
asi» (III B. 10 H.5.) npUCYTCTBYeT cyMMa O6eCKOHEYHO yObIBaIolei reo-
METPHYECKOH MPOrpeccuy

HNuTepecHo, uro aumib B 1484 r. dppannysckuit MaTreMaTuxk H. I o-
Ke B cBoeil KHuTre «Hayka o yucyiax» JaeT nIpaBHJIO IJIst HAXOXKAEHNA
CYMMEI J110605i1 6eCKOHEeUYHO yOBIBAIOIIell reOMETPHUYECKOM IIPOrPEeCCHH.

3. UcTopusa NOHATUA Npeaena

o HamuXx aHe# gouan 9 anopuil (3aTpyAHUTEIbHBIX HOJIOXKEHUI-
napagoKcoB) aJieiickoro ¢usocoda 3enona (V B. 1o H.3.). B anopuu «Ju-

xomomusa» (OT rped. — «JejieHHe MOmoJaM») 3eHOH YTBEPXKAAJ, UTO
JBH)KeHHMe BOOOIIle HeBO3MOXKHO, TaK KaK JAJId TOro, 4TOO0bI MPOMTH
1

paccToAHNEe OT OAHOM TOYKH A0 APYroi, HAKO CHaUuajia MPONTH E 3TOrO0
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1 1 1
pacCTOAHHUA, 3aTEM

4’ 8’ 16°
TEeJILHOCTh TAKNX OTPE3KOB 0ECKOHEUYHA, 3HAYUT, KOHEUHAdA TOYKA IyTH
He Oyaer mocruruyTta. Ilapasiokc, npeacTaBiAeMblil KaK JIOrHYECKad
0e3bICXOAHOCTD, 3aKJIIOUAETCH B TOM, YTO pacCMaTpHUBaeMas CyMma

1 1 1 1

=+ —+...

2 4 8 16
0EeCKOHEYHOr0 YKCJIa CIaraeMbIX KOHEYHA.

HecMoTpsa Ha TO 4TO napasoKChl 3eHOHA OCTAaBaJIMCh HEPa3peIInMbI-
MU, OHH He YHHUTOXHJIN HAei0 6eCKOHeYHOCTH B MaTeMaTuke. Ilepsoe
TEOpPeTHYECKOe MCCJIeOBAHNE, B KOTOPDOM B HEABHOM BHJE HCIIOJIB30-
BAJINChH NIpeZiesIbHBIE IepPexo/k! (IIPU BEIYUCJIEHHH ILIOa/ieil K 00beMOB
KPHBOJIMHEHHBIX (UTyp), GblJIO IPOBEAEHO APEBHErPeYeCKMM MaTeMa-
THKOM H acTpoaomoM Easdorxcom Knudckum B1IV B. 1o u.3. B XVII B. me-
Tox EBOKCA HA30BYT METOOM UcCuepnbiéaHus. B HeM paKTHUECKH DeYb
HJET O mpejiesie BO3PACTAIOLIEi MOoCcJe0BaTeIbHOCTH ILIOIaAei mpa-
BIJIBHBIX BIMCAHHBIX MHOTOYTOJIbHUKOB: IPOCTPAHCTBO MEXKAY KPYyTOM
¥ BIHCHIBAEMBLIMHM B HET'O MHOTOYTOJIbHMKAMH KaK Obl «MCUEPIILIBAET-
CA NIPH UX «BO3PACTAHHUM».

B nmauane XVIII B. MHOrHe MaTeMaTHKH, €llle HE UMes CTPOroi Te-
OpHUM JeICTBUTEJILHOTO YHCJa, paGOTAN CO CTENEHHBIMH QYHKIUAMUA
¥ BBIBOAWJIX MHOTHE CBOMCTBA 3TUX pyuKimii. [loraTue ke crenenu a*
¢ J06BIM JeCTBUTEJILHEIM I10KA3aTeJieM 0. OKOHYATeJIbHO CHOPMHPO-
BaJIoch ToJIbKO B XIX B., KOra B MaTeMaTHKY IIPOYHO BOLILJIO [TIOHATHE
npejeJa.

... 3TOT'O PACCTOAHNA. Ho nmocaenona-



rnaeall | | MOKASATENBHASI GYHKLIMS

§ 7. Noka3artenbHaa GyHKUUNA,
ee cBoncrtea u rpadpmk

C nmonarneM pyHKIMK BHl IO3HAKOMMJINCH B Kypce ajiredopsr 7—9
KJIaCCOB.

Ecin Ka)XX0My 3HAUEHHIO X 13 HEKOTOPOI'0O MHOXKECTBa AeCTBATEIb-
HBIX YHCEJI IIOCTABJIEHO B COOTBETCTBHE I10 OIIPEJEIEHHOMY IIDABHITY UHC-
JIO J, TO TOBOPAT, YTO HA 3TOM MHOXKECTBE OlpejeseHa QYHKYUA.

IIpu aTOM X Ha3LIBAIOT HE3ABUCUMOIL NepeMeH Ol NI Ap2YyMeHmoM,
ay — 3a8ucumoil nepemerHOl UIA QYHKYUell.

MHOKeCcTBO 3HaAUEHHH X, JJIs KOTOPBIX ONpeesieHbl 3HaueHud y(x),
HAa3BIBAIOT 00.1ACMbl0 ONnpedeseHus GYHKYUL.

s o6o3HaueHuA PYHKIUM OOBIYHO UCIIOIL3YIOT OVKBEHI f, &, Fu .1,
Hanpumep, rosopar: gana yHknusa y = f(x), unmu yakusa g(x) =2x — 1,
uian dyaknua F(x) = x2.

dyukuuy MoryT ObITH 3aflaHEI OpPMyJIaMH, rpadHUKaMu, TabIua-
mu. B 7—9 Kyaccax Bbl I03HAKOMHJINCH C HEKOTOPHIMH (QYHKIMAMH,
M3YYHJIM X CBOMCTBA U CTPOMJIM rpadpmnku. HuxkenpuseaeHuas Tabun-
[1a HATTOMHHT BaM O HUX.

B § 6 crenens Oblia onpesesieHa AJisa JI000r0 MOJIOXKUATEIHHOIO OC-
HOBaHWA U JIFOOOT0 JeCTBUTEJILHOrO IOKasaresd. IlycTs ocHOBaHMe cTe-
neuu a > 0. Torga xa)xxaoMy x € R COOTBETCTBYeT OJHO OIIpeJesIeHHOe
yuesio y = a*. Tem cambiM 3aaHa QyHKIUA i = a*. Ecim a =1, To OyHK-
uud Yy = a* npUHIMAaeT OJHO U TO 2Ke 3HaueHue y = 1 npu Bcex x.

dynkyuio y=a*,
20ea >0, a#1, Ha3vi6alom nokazamenvrhou pyrHKkyuel.

Taxoe Has3Baume GyHKINHA 00'bACHAECTCA TEM, UTO €€ aPI'yMEHTOM fAB-
JIAETCSA IMOKa3aTeJb CTEeIeHH.

IToxasaTenrHaa GyHKINA 00J1aaeT CAEAYIOIINME CBOMCTBAMH.

CBoiicTBO 1. 06acmb onpedenenus nokasamenvHoil pyHKyuU
Yy =a* — mHoxcecmeo R acex delicmeumenvHuix wucen.

9TO CBOWMCTBO CJIEAYET M3 TOr0, UTO CTEIIEHb C II0JIOXKUTEJIHHBIM OCHO-
BaHHEM OIpeesieHa AJ1 JIF000ro AeCTBITEILHOrO 3HAUEHU I0KA3aTeNd.

CroiicTBO 2. MHOJMNECMB0 3HAYCHUIL NOKA3AMEALHOU PYHKYUUL
Y = a* — MHONCeCma0 NOJOHUMESbHbLX YUCER.

Bropoe cBoiicTBO cieayeT U3 TOro, uto ecan a > 0 ua # 1, To ypas-
HeHHe a* = b UMeeT KOpeHb n1pn Jtro6oM b > 0, T.e. PyHKIINA NPUHAMAET
J1060€ MMOJIOXKUTEJIbHOE 3HAUeHNe. ITO JOKA3hIBAETCA B Kypce BhICIIEH
MaTeMaTHKH.
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DYyHKIUSA § MuoxecTBO T'pajpux HNHuTepBanb IIpomMexXyTKH
A 5 E 3HaYeHU byHKIUH 3HaKOMOCTO- BO3pacTaHUA
§ & ;f byHKI A AHCTBA (y6biBaHuA)
- é z byaKIUH byHKIMK
O o&

y=kx+b R R y > 0 npu x > b Boapacraer

k0 ’g Ha Bcelt

y <0 npu x < —— |4HCIOBOIA
[’; HOpAMOi
=0npux= —7
y p k
b
y >0mpux < —-k' Yo6niBaeT
b |HA BCeit
Yy <0npu x > —— | yucaoBoi
llf npAMo
=0nmpux= —7
Y p k
y = x? R y=0 y y > 0 npn BoapacTaer
x>0,x<0 Ha Ipome-
1 y =0npnx =0 |xkyTke x>0,
yObIBaeT Ha
MPOMEIKYT-
0 1 x
Kex<O0
y=x3 R R y y>0npu x>0 |Bospacraer
y<Omnpu x <0 |[HaBceit
< y =0npu x=0 |uucioBoi
* npsMoit
y=\/§ x20 | y20 y y>0npu x>0 |Bospacraer
y =0npn x =0 |Ha npome-
KYTKE
x20
k
y=7 x20 | y=20 y>O0npn x>0 |Yo6uiBaer
y<0mnpm x <0 |Hampome-
IKYTKAX
x<0m
x>0
y y>0npu x <0 |Bospacraer
y<Ompu x>0 |HampoMme-
IKYTKAX
) X x<0mn
x>0
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PDyHKIUA § MHoxecTBO I'padpuk HHrTepBaisl IIpoMexxkyTKH
a § § 3HaYeHUH GbyHKIHN 3HAKOIIOCTO" BO3pacTaHud
§ & E byHKINH AHCTBA (yObiBanmMa)

Y
8 & g byHKIUM [ 2:0:310%0%8
So®&
=ax?+ R > a>0, > 0 npu BoapacTaeT
y= Y2Y% |p=b2-4dac>0|Y p P
+bx+c, x<x,, x> x,,| Ha IpOMe-
az0; Y y < 0 npn HKYTKE X > X,,
Xg=-55 x, <x<x,, yObIBaeT Ha
Yo =Yx0); x\ol X0 /x y =0 opn NPOMEIKYTKeE
= ; - "~
0 A x |x=x,x=x, |x<x,
x, < x,,
rae y<y, 2<0,D>0 |5 0npu Bospacraer
Xys Xp Y x, <x<x, |Hamnpome-
KOpHHA Y% y <0 npu HKYTKe X< Xy,
ypgnnenna x <x,, x> Xx,,|yOsIBaeT Ha
ax®+bx + /0 x, x) x |y=0mpu IIPOMEIKYTKeE
+c¢ =0 npu X=x,x=x, |X2X,
D=b-4ac>
> <
20 Y2y, @>0,D<0 y>0 Boapacraer
y npuxe R Ha nmpoMe-
IKYTKE X2 X,
yOnIBaeT Ha
TIIPOMEXKYTKE]
B4 <
XS xo
0] Xp x
a< D <
Y<Y, 0, 0 y <0 Bospacraer
npuxe R Ha Impome-
ny'moex<x0,
yObIBaeT Ha
IIPOMEXKYTKE]
x>x,
y20 y > 0 npu BospacraeTt
x# X, Ha IpoMe-
y =0 npn KYTKe X >X,,
x=x, yOBIBaeT Ha
NIPOMEKYTKE|
x<x,
y<o0 y <0 npu Boapacraer
xX#x,, Ha mpoMe-
y =0 npu KYTKe X < X,
x=x, yOBhIBaeT Ha
NPOMEXYTKE
x2x,
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IIpu b < 0 ypaBHeHHe a* = b He MMeeT KOpHeIi, TaKk KakK a* > 0 npn
J1000M Xx.

CeonictBo 3. IlokasarenpHasa QYHKIHA Y = a* ABIAETCA BO3pac-
TawlIei, ecan a > 1, n yosiBaroei, ecan 0 < a < 1.

Tperbe CBOMCTBO CJIe[yeT U3 TEOPEMBI U CJIeACTBHA 1, foKasaHHbIX B § 6.

3amaua 1. IIocrpouts rpaduk GyHKIINHK Yy = 2%,
A CoctaBuM TabaHIy:

x -3 -2 -1 0 1 2 3

y=2% 1 2 4 8

1
2

|-

1
8

ITocTpoMM 3TH TOYKH M [TPOBEAEM YePe3 HUX KPHUBYIO, YYUTBIBASA, YTO
dyuKIuA y = 2* Bospacraer (puc. 6). A

Boob61e rpaduk nokasaTeabHO GyHKIUM Y = a*, rae a > 1, umeer
BHJ, IIPEACTABJIEHHbII HA PUCYHKe 7.

JroT rpaduK pacnoJioxkeH Boiie ocu Ox, Tak Kaka* >0 npn x € R.
C Bo3pacTaHMeM apryMeHTa 3Ha4eHUs QYHKIUM YBEJIHUYNBAIOTCA, TaK
KaK y =a* — Bospacramomaa QyHKInd, ecaua > 1.

1 X
3amaua 2. Iloctpouts rpaduK GYyHKIHHA Y = (Ej .

A CocTaBrM TabIHILY:

x -3 -2 -1 0 1 2 3
1Y 1 1 1
v={2)| 8 | 4 |2 | 1 | 5| 1 | s
ITocTpoMM 3TH TOYKH K IIPOBEJEM Yepe3 HUX KPUBYIO (pucC. 8). A
y“ 2x y y
8_ Y= y=d', ] 8
a>1 i
] ]
4 4
2- 1 &
| oy — N~
-3-2-110123 «x 0 x -3-2-1[0123 «x
Puc. 6 Puc. 7 Puc. 8
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Boob1e rpaduk nokasaTesbHON GyHKIUN Yy =a*, rae 0 < a < 1, nme-
€T BUJI, IPEACTABJICHHBIN Ha pUCYHKe 9.

JroT rpadHK pacosoxKeH Bhinie ocu Ox, Tak Kak a* > 0 npu x € R.
C yBesinueHreM apryMenTa 3HaueHUA GyHKINHM YMEHBIIAKOTCH, TAaK KaK
y =a* — yOwniBatomas ¢pyHknud, ecin 0 <a < 1.

M3 cBoiicTB 2 n 3 cienyer, 4To ypagHernue a*=b, rae a >0, a#1,
b > 0, umeem edunHcmeeHHbLIL KOPEHD, T.€. II0 3aAAHHOMY 3HAYEHHIO b
CTeIeHH! a* MOKa3aTeJIb CTeNeHN X OAHO3HAUHO onpeaessaerca. ['eomer-
PHMYECKH 3TO O3HAYAEeT, YTO NpAMasda y = b nepecekaer rpaduk byHKIIUK B
OIHOI TOUYKe, abciycca KOTOPO#l ABJIAETCA KOPHEM ypaBHEHHA a* = b
(puc. 10).

X
3amaua 3. Perunts rpapnuyecKn ypaBHeHHE (%] =x- g

1 X
A ITocTponm rpadbukn GyHKIUI y = (5] HYy=X— g (puc. 11). U3

PUCYHKa 7 BUAHO, YTO rpadMKM 3THX HYHKIHI 1epeceKaloTcsa B OGHOMK
Touke. CjieoBaTesIbHO, JaHHOE YPaBHEHHE HMEeT OANH KOpPeHb — abc-
MUCCy 3Toi TouKK. VI3 prcyHKa BUIHO, 4TO X = 1. IIpoBepka nmokasniBa-
eT, uTo x = 1 ABJIseTCA KOPDHEM ypaBHEeHUsa. A

ITokasaTenpbHaA QYHKIMA YaCTO KCIIOJIb3yeTCA IIPH OITMCAHUH pas-
JIMYHBIX QU3NYECKHUX npoleccoB. TaK, paAMOaKTHBHEIN pacmaj OnKUChI-

BaeTcsa HopMyJIOi:
t

m(t)=m0(;j]ﬁ, (1)

rae m(t) ¥ my— Macchl PaJHOAKTUBHOTO BeleCTBa COOTBETCTBEHHO B
MOMEHT BpeMeHH ¢ X B Ha4aIbHbI# MOMeHT Bpemeru ¢t =0, T — mepuon
noaypacnaza (IPOMeXXYTOK BpEMeHH, 38 KOTOPHIA IePBOHAYAILHOE KO-
JIMYECTBO BEIIleCTBA YMEHBIIIAeTCA BABOE).

yl
v ;
X y:a
b
1 1
\ L /
0 x 0 x
Puc. 9 Puc. 10 Puc. 11
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C nomMoIp0 noKasaTesbHOM GYHKIIUKA BhIPaKaeTcd AaBJIE€HUE BO3-
AyXa B 3aBHCHMOCTH OT BBICOTHI M IIOA'HEMA, TOK CAMOMHJYKIIAM B Ka-
TYIIKE II0CJIE€ BKJIIOUYEHNA IOCTOAHHOTO HAIIPAXKEHNUA U T. 1.

3anmaua 4% AnbnuHHCT, HAXOAACH Ha BeicoTe A, = 1100 M Hax
YDOBHEM MODA ONPENEeJIHII, UTO AaBJIeHHe BO3AyXa p; = 741 MM DT. CT., a
tremnepaTtypa 15°C. KakoBo saBienue Bo3ayxa Ha BeicoTe h, = 2300 m
IIpH TO¥ »Ke TeMnepaTtype?

A W3BecTHO, YTO JaBJIeHUE P, HAXOAUTCA IO cieAylomei 6apomer-
PHYECKOI1 popmy.ie:

p, = p, - (0,8886)"27",
Iloacrasisas B 3Ty GOpMyJIy JaHHBIE U3 YCJIOBHMA 3a/ja4l, IMEEeM
Py = 741(0,8886)2300-1100

BbIIOIHMB BEIYKCJIEHHA C TOMOILBI0O MUKPOKAJILKYJIATOPA, MOJIYYNM

Py, =639 MM pT. CT. A

3apngaua 5% Ilepmox nmonypacnaaa niaytoHusa paBeH 140 cyr.
CKOJIBKO ILTyTOHHA ocTaHeTcs 4eped 10 Jier, ecyin ero HayajpHas Macca 8 r?
A Bocnonbayemca ¢opmysoit (1). B nannoit sagaue m, = 8 r,

t =10 - 365 (cuuraeM, uro B rogy 365 aueit), T = 140. Torza
3650

m(3650)=8- (% ) 1o
BBIHOJIHHB BBIYHCJIEHHNA C IOMOIIBIO MHKpOKa.HbeJIHTopa, HOJIYIIHM

m=1,13-10""r. A

YnpaxHeHns
118. ITocTpouTs rpaduK GyHKIIUN:
1 X
1)y=38% 2)y=(§) .
119. Ucnonpaysda rpaduk pyukuum (puc. 12), ykasarts:

1) sHaueHMA apryMeHTa, IIPH KOTOPLIX 3HaueHne GpyHKuuu passo 0;

oA oA v ¥

-1
a) / 6) 8) 2)
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2) 3HaUYeHUA aPryMeHTa, IPU KOTOPHIX GYHKIUA IPUHAMAET
MOJIOKHUTEJIbHBIE (OTPHUIIATeIbHbIE) 3HAYEHU;
3) npoMeKyTKH Bo3pacTaHuA (yObIBaHUA) QYHKITHNH.

120. HaitiTu o6s1acTh onpeiesieHua GyHKITHH:

1)y=3x+2; 8) y(x) = Vx - V2-x;

1
2)y=—x2+x-2; 9y= ;
1 1 .
3)f(x)_ 0’5x_1’ lo)y_ x 1—2x’
1 1
4)f(x)= gx—2; 11)y = 3x;
LVE
e = sy 12)y=(3] ;

6) 8(x) = \2x% + 5x - 3; 13)y = 291,

1

T y(x)= Vx-1+J/x+2; 14) y = 0,2+,

121. IlocTponTs rpaduk dyHKINK ¥ = 3* U, HCHOJIb3YA 3TOT rpaduK,
HAWTHU NIPUOJINIKEHHO:

2 1,
1) V3; 2) 33; 3) 55 4) 3715,
122. N306pas3uTs cxeMaTH4eCKH rpaduK QyHKITIN:

)y=0.495 2y=(V2); 3)y={%]x; 1y=(v3)".

123. 114 naHHOM QYHKIIUK BEIACHUTD, ABJIAETCA JIF OHA BO3PaCTaIOLIei
WK yOBIBAIOIIE:

ny=(1]5  Dy=057 3)y=[%]_x; 9 y=(s)".

124. (Yemno.) Ucnons3ysa CBOMCTBO BO3PACTaHNA HJIN YOLIBAHUA I10-
Kas3aTeJIbHON QYHKIUH, CDABHATH YHNCJIA:

1)1,73u1; 2) 0,32u 1; 3) 3,21:5 4 3,216,
132
4)0,23 10,272 5) [g] 7 (g] ; 6) 3™ u 3314,

125. CpaBHHTB uHCJIO C 1:

\/E 1 2 _‘/5 \/§
1y 2. 5. 5. LTSRN IS
;) s D(RF HE g 5(]) ,6)[J§] :
126. Ha oqHOM pPHCYHKE MOCTPOUTH I'pad®uKN GyHKITHA:

x . 1Y 17*
y=27*u y=2% 2)y= 1 uy= 1l
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127. HaiiT KOOpANHATEI TOYKH epeceyeHru A rpacduKoB GyHKITHI:

P NG D S
Dy=2"n y=8; 3”‘(1] My=1es
2) y=3"m y==; 2yy=[1) my=9

y= Ply—3, y—[gj uy=9.

128. (Ycmno.) Pemints ypaBHeHHE:

5 =5 27=49 3 (1)x =3; 4 (l)x =4

129. Pemints rpaduyecKy ypaBHEHHE:

1) [%) =x+1; 3)2*=3x—2;
1Y 1, L1
130. Ucnons3ysa rpadpukn GyHKIUH, PEIIATH HEPaBeHCTBO:
1)3*<1; 2)2*>1; 3)4* > 4; 4)41<%.

131. Pemuuts rpadpuuecKH HEPaBEHCTBO:

1)2*>-x+3; 2) [%) <x+4.

132. B1ACHNTB, BO3pacTalolleil NN yObIBaoIIei ABideTca QyHKIINA:
1)y=2*1; 3)y=0,2*-8%;

1 1-x 3 x 2 —x
-2 (2] 3"
133. HaiiTt MHOK€CTBO 3HAUEHNH QyHKIINN:
1) y=2% 2) y=(0,2)5; 3)y=25+1;
4)y=2-0,2%5 5)y=2~* 6)y=2x+1l,
134. ITocTpouts rpaduk GyHKIIAN:

1 X
Hy=38*-2; 2)y= (E) +3; 3) y =2**1; 4)y=32,

x
135. TokasaTb, 4TO rpaduKn QYHKIMHA y =2 ny = (E) CHMMETPHY-

HBI OTHOCHUTEJIPHO OCHU OPDANHAT.

136. ITocTpouts rpadmK GYyHKIUAN:
x|
1) y=2/*; 2)y=(%j ; 3) y=3*-2 4y=2-3.

137*. IIpn panuoaKTHUBHOM pacrajie KOJIMYECTBO BEII[eCTBA YMEHbIIIAETCA
BABOe 3a cyTKH. CKOJIBKO BerecTBa ocraHerca oT 250 r yepes
1,5 cyr.; 3,5 cyT.? BhruncIeHIA IPOBECTH Ha MUKPOKAJIBKYJIATODE.
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138*. Ha jlecHOM yuyacTKe MOXKHO 3aroToBUTh 4-105 M3 npeBecunsl. Exe-
TOAHBIN IPHPOCT JePeBbEB cOCTaBIAET 4% . CKOJIBKO MOXKHO 3aro-
TOBUTH JPEBECHHBI HA 9TOM y4acTKe depes S jieT? Berunciienus mpo-
BECTH Ha MHKDOKAJIbKYJIATODE.

§ 8. Noka3sarenbHble ypaBHEHUS U HEpaBeHCTBa

PaccMOTpHM HECKOJIBKO IDHMEPOB NOKA3aTeIbHBIX YPDABHEHU U He-
PaBeHCTB, B KOTOPBIX HEU3BECTHOE COAEPIKHUTCSA B ITIOKa3aTe e CTeNeH M.

Pemrenne TakuX NOKa3aTeJbHLIX YPABHEHHUI 4aCTO CBOAUTCA K pe-
IIEHNI0 yPaBHEHU A

a*= ab,

raea > 0; a# 1. Tak xaK U3 paBeHCTBA CTeNeHe#! C OANHAKOBLIMHY OCHO-
BaAHUAMM CJIEIYEeT PABEHCTBO IIOKa3aTeJiei, TO YypaBHEHNEe UMEeeT e1H-
CTBEHHBIHN KOPEeHb X = b.

Hanpumep, ypaBaenue 3* = 81, T.e. ypasuenue 3* = 3%, umeer eaun-
CTBEHHBIN KOPEHb X = 4.

3amaua 1. Peminte ypaBuenue 4 - 2*=1,
A Banumem ypaBHeHHe B Buge 22 =20, orkyza x +2=0.
OrBeT. x=—-2. A

3amgaua 2. Pemuts ypassenue 23%. 3*=576.

A Tak kak 23* = (23)* = 8, 576 = 242, To ypaBHeHHe MOXKHO 3aIlH-
caTh B Buze 8% - 3* = 242 nu B Buge 24* = 242, Orciona x = 2.

OrBeT.x=2. A

3anmaua 3. Pemuts ypaBHenue 31 — 2. 372 =25,

A BeiHOCA B JIeBO# YaCTH 3a CKOOKH 00ILIIMII MHOXKHTENb 32, moury-
yum 3*72(3% - 2) = 25;

3*2.25=25,0rkyna 3*2=1,x-2=0,x=2.

OrBeT. x=2. A

3amaua 4. Pemnts ypaBuenne 3* = 7*.

x

A Tak kak 7*# 0, To ypaBHEeHNE MOKHO IIPEACTABUTH B BUJE = = 1,

3 x
OTKYyZa (7) =1,x=0.
OrBeT.x=0. A

3anmaua 5. Pemuuts ypaBHenne 3 - 251 + 2. 5x-2 = 5x 4 2972,
A 3anumem ypaBHeHHe B Bufe 3 - 2°*1 — 22 = 5% — 2. 5¥°2 orkyna

x-2
22328 -1)=5*2(52-2), 2r2.23=5*2 .23, (—2—) =1,x-2=0.

OrBeT. x=2. A
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3agaua 6. Pemmnts ypaBHenne 9 — 4 - 3* - 45=0.
A 3ameHoit 3* =t jaHHOe ypaBHEHHE CBOAUTCA K KBafiPATHOMY ypaB-
HEHHIO
t2-4t-45=0.
Pemasa sTo ypaBHeHHe, HAXOJUM €ro KOpHuU ¢, =9, t,=—5, oTKyla
3*=9, 3*=-5. YpaBHenue 3* =9 umMeeT KOpeHb X = 2, a ypaBHEHHE
3* = -5 He UMeeT KOPHel, TaK KaK oKasaTeJbHad GYHKINA HE MOXKET

NPHUHHAMATE OTPHIIATE IbHbIE 3HAUCHUA.
OrBeT.x=2. A

3anmayva7* HaiiTu Bce 3HaueHUA a, IPH KOTOPHIX YPaBHEHNE
9*-a3*+3-a=0 (1)

MMeEeT XOTdA OBl OAUH AeHCTBUTEIbHBINA KOPEHB.
Allycts 3*=t, Torna ypasueune (1) npuMer Buj

t2—at+3-a=0. (2)

3agava paBHOCHJIbHA CJIEAYIOLIEi: HATH BCe 3HAUEHNH a, IIPHU KO-
TOPBIX YpPaBHeHHe (2) HMeeT XOTs ObI OAWH MOJIOXKUTEJbHBII KOPEHb.
JMCKpUMHHAHT KBaZipaTHOro ypasHenus (2) D = a? — 48 —a) = a? +
+4a-12 = (a + 6)(a — 2) HeoTpunaTeseH npu a < —6 L npu a > 2.

Ecaun a< —6, To —a > 0, 3 — a > 0 1 no TeopemMe, 06paTHOIi Teopeme
Buera, 06a KOpHA ypaBHEeHHNA (2) OTPHIIATEbHEI.

IlycTs a > 2. Torpa npu 2 < a < 3 06a KopHA ypaBHeHHUA (2) noJo-
sKHUTeabHEI (—a < 0, 3 — a > 0); npu a = 3 0AMH U3 KOPHEi paBeH HYJIIO, a
Ipyroii paseH 3); ecaua > 3, To 3 — a < 0 ¥ T03TOMY KODHM YyPaBHEHUS
(2) uMeroT pasHble 3HAKHU (OJMH U3 HUX MOJIOXKHUTEJIEH, a JPYTroi — OTpH-
IaTeJIeH).

OrBeT. a>2. A

PaccMoTpiM Tereps IPUMEDPHI PellIeHHA IT0Ka3aTeJIbHBIX HePaBEHCTB.
Takre HepaBEeHCTBA YaCTO CBOAATCA K IIPOCTEMIINM HepaBeHCTBAM
a*>ab, a* < ab.
IIpu penieHUH TAKUX HEPABEHCTB HUCIIOJIBL3YETCA CBOMCTBO BO3pacTa-
HUA QYHKIUHK a*npn a > 1 1 yopiBanua npu 0 <a <1.

3amaua 8. Pemints HepaBeHCTBO 3* < 81.

A BamuieM HepaBeHCTBO B Buie 3* < 34,

Tak kak 3 > 1, To pyHkKuuaA y = 3* aBngerca Bo3pacraomeii. Cie-
JOBaTeJIHHO, IPH X < 4 BHIIOJHAETCS HepaBeHCTBO 3 < 3%, anpu x > 4
BBITIOJIHAETCA HepaBeHCTBO 3* > 3% . Taxkum obpasom, npu x < 4 Hepa-
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BEHCTBO ABJIAETCH BEPHBIM, a IPA X 2> 4 — HEeBEPHLIM, T.€. HEPABEHCTBO
3* < 81 BBINOJIHAETCA TOJLKO TOTAA, Koraa x < 4.
OTrBeT. x<4. A

1 X
3amgaua 9. Pelunts HepaBeHCTBO (E] > /8.

A 3amuiiieM HepaBeHCTBO B BHJe

1Y% 3 1V 1 —%
(—) > 22, wm (—) >[—) .
2 2 2

1Y 3
Tak kak (E] — yOBIBamomas GyHKIHMA, TO X < _E'

OTBerT. x<—E.A

3anxmauva 10. Pemiuts HepaBeHCTBO 16* +4*—2> 0.
A O6o3naumnm 4* = ¢, TOraa HEPaBEHCTBO 3alMILIETCA B BUE
2+t-2>0.

3TO HEepaBEeHCTBO BHITIOJIHAETCA npu t < —2 u npu ¢t > 1. Tak Kak
t = 4%, TO IOJIyYUM [Ba HepaBeHCTBa: 4* < -2 u 4* > 1. IlepBoe He nMeeT
peleHuii, Tak Kak 4* > 0 npu Bcex x € R. Bropoe HepaBeHCTBO MOXKHO
3anmcats B Buze 4* > 49, orkyna x > 0.

OrBer. x>0. A

YnpaxHeHus
Pemnts ypaBaenne (139—-145).
33 1 (1y2
139. 1)4*1=1; 2)0,3%2=1; 3)22=2+3; y (g) - ) _

3
1 1 1\ 1* 1
140. 1)27*==;  2)400°=—  3) (=) =25; 4) (=) =—.
) 3 ) 20 ) (5) ) (3) 81
1
141. 1)3-9*=81; 2) 2-4%=64; 3)872.3v 21,
4) 0,5* +7 . 0,51—21 =2; 5) 0,6* +3 0’62x —5; 6) 63x1_-gl2x,
1\5%-1 2
142. 1) (5) 85 =32 3) 36.6* = 36% - 65
1
2) 2% =472, 4)8++2=2. 647,
143. 1) 3214+ 32:=108; 4) 3¥1 - 3%4 3+1=63;
2) Q2 3x+2 _ 93x-2 _ 30; 5) T.2x+t1 L 9x _ 9x+l 52;
3) 2v+1 4 2x-14 97— 28; 6) 25 - 3% — 10 - 3**1 + 3%+2 = 36,
1\* (1} x
144. 1) 5*=8%; 2) (é) =(§) i 3)3 =52 4) 4= 32,
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145. PemuTh ypaBHEHHE:

1)9*-4-3*+3=0; 3)25*—6-5°+5=0;
2)16*—17-4*+16=0; 4) 64* - 8% - 56 =0.
146. PemiuTh HepaBEHCTBO:
1)3%> 9; 2 (17 51, 3 (1) <2
2) 4 4
x-1
4) 47 <L 5) 23> L. 6) (1] <1
2 2 3 9
Pemuts ypaBuenue (147—155).
x-1
147. 1) 3*+*12 _y; 3) 272 =4;
1 .
2) 212—7I+10 =1; 4) 0’5; =4x+1 .
148. 1) 0,3* ~*"+*1 -1, 3) 5127 _5 1./51;
1 —12—21+3
2) (23] =1 4) 100! = 101+5%,
1
149. 1) 10* = ¥100; 1) 10F=——;
410000
x 2
2) 10% = 10000; 5) (V10) =10
3) 225%F 24 =15; 6) 100*°-1 =101-5x,
lJt 1-x -1 2x
150. 1) 2*2.(1)“ =48; 3y (1) (1) (1),
2 2 2 2
1)%% . i i
2) 50’1x-(5) -5, 4) 0,712 0,72 = 0, 7%,
151. 1) 2 .5°° =100; 3) 27~ . 23% = 36;
2) 08 7' = 12; 4) 3% .95 _ 995,
152, 1) 7 - 7% 1=6; 3) 537 + 3. 532 = 140;
2)8%-1432%2_3%4=315  4)2%14+3.2v1-5.2546=0.
x+2
153. 1) 752 =327, 3) 34 =5*2
2)2x3 =33 4) 45;*3 =3g2(x-3),

154. 1) 3*3+3*=T7*14+5.7%
2) gx+4 1 3. 5x+3 = jr+d 3x+3;
3)28-% 4 73X = T4 4 23-%. 1],
4) 9x+1 4 9x-1 _ 3x-1_ 3x—2 —9x3 4 9.3x3,
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155.

156.

157.

158.

1)8-4*-6-2*+1=0; 4)3%*1-10-3*+3=0;

1Y (1Y
217 %1% -6=0; 5)23+8.25-6-2%=0;
3)132x+1 - 183 -12=0; 6) 53*+1 + 34 - 52x - 7.5*=0.
Pemuts HepaBeHCTBO (156—158).
1) 51 < J5; 2) 32>9; 3) 351>y
2x%-3x £2-3x
—x2+3x . Z) > g (E) E
4) 2 <4; 5) (9 > 5 6) 1 <169°
1) 3**2 4+ 371 < 28; 3) 22x-1 4 22x-2 4 92x-3 > 448;
2)2x 1 4 2x43 > 17, 4) 53x+1 — 53x-3 < 624,
1)9*-3*-6>0; 3)52:tl + 4.5~ 1> 0;
2)4* - 2*<12; 4)3-9*+11-3*<4.
159. Pemiuts rpaduuecKy ypaBHEHHE:
1Y . 7
1) (§)=x+l, 3) 2 =—X-7;
X
2) (1] =x-1; 4) 3*=11-x.
2 2
160. Pemnts rpadnyecKy HePaBEHCTBO:
1Y 1
— > . X <9 ¢
1)(3) x+1; 3) 2* <9 3x,
1y L xy 2 1
2) (5) <x 2’ 4) 3 >-3x-3.
161. Pemruts rpadiyecky ypaBHEHHE:
1Y _ 3
x_9Q _ — 2. ] =2
1) 2*=3 - 2x — x%; 3)[3) ot
1Y 3
2) 3% = x; 4) (E =x°-1.

162. IIpu KaKuX 3HAUEHNAX X cyMMa umcest 251, 2774 y 2°-2 papna cym-

163.

164.
165.

Me 6eCKOHEYHO yOhIBaIOIIeil reoMeTpHUYECKoil mporpeccun 6,5;
3,25; 1,625; ... ?

Pemnth ypaBHenue (163—165).

1) 32x+6 — 2x+3, 3)2%.37= 36x2;
N A |
-2 _ 4 2x - 4. 9 =—
2) 5 2=424 4) 27
1)3-16*+36*=2- 81%; 2)25%+13-10* =7 - 22x+1,
1) 81%°-1 = 27; 2) 5/2¢-61 = g5155 -4,
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Pemnts HepaBesncTBO (166—167).
166. 1) 0,4* — 2,5**1 > 1,5; 3) 4,4 T <4;
1\t
2) 25 - 0,04 2x> 0,2%(3-x); 4) (Z) -32. (g) <0.

2
167. V27-37% >0,
168*. HaitTu Bce 11eJibie 3HaYeHUA @, IPU KOTOPHIX QYyHKITNA
1 +2x+a®-3a
y= (E) NPUHUMAaeT 3HaYeHNs, MeHbIIHe 3.

169*. HaiiTn 3HaYeHUA @, IPA KOTOPBIX MMEET KOPHHU YpaBHEHUE:
1)a-9*+9*+4-3*+a-2=0;
2)a-4*-4*-4.-2"+a+2=0.

YnpaxHeHus k rnase |l

170. CpaBHHUTD uHcCJIa:

1,4 V2
3 42, 1 17
1) 4 n 47, 3) (2) u (2) H
f 1 s 1 3,14
3 1,7. - bl
2) 2 u 217 4)(9)14(9) .
171. CpaBHHUTH C eZUHUIIEH YHUCJIIO: i -
J3 5-2 3
5, "™, (E) ) ( )
1) 275, 2) (2) ; 3 .

172. (Yemno.) fIBnserca 1u QyHKIINA BO3PACTAIOLIEH MK yObIBaIOLIIEH:
1 -X
1) y=0,78%; 2)y=1,69%; 3)y= (é) H 4)y=47*?

173. B KakoM ITPOMEXKYTKEe HaXOAATCA 3HaYeHUA hyHKIuu npu x € [-1; 2]:

1) y=5% 2) y=5*7
Pemruts ypaBHeHHe (174—178).
2 2 x+1

174. 1) 559 -1=0; 2) 25121 3) 1,557 ( )

5-x xz 2x-2
0,755 (1) 516 _y, (1) =1
4) 3 5) 5 L6z -
175. 1) 103 =0,01; 3) 24%° = 4215,
2) 5x2—5 =&5—x; 4) 16x2 =643_x.

176. 1) 2%+ 253 = 18; 5)2.3+1 6.3+ 1-3=0;
2)3*+4.3*1=13; 6)5*1+3.5*1-6.57+10=0;
3)7*+2. 7x1 = 15; 7) 3%+3 — 3+l | 3x = 75,
4)5.2%24 3. 251 =29, 8)3*14+5.3*~3.3+1=21,
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177. 1) 5%* -5 - 600 =0; 3)3*+9*1-810=0;

2)9*-3*-6=0; 4) 47+ 2x1 - 80 =0.
178. 1)2-16*-3-4*=2; 3)3-81*-8-9*=3;
2)2-4*+2-2*-4=0; 4)4-16*-17-4*+4=0.
179. PemunTts HepaBeHCTBO:
1)3=2>09; 3) 0,72 <0,7%;
2) 52% < 1. 4) (l)xz S 1
25° 3 81’
180. Peruts rpadnyeckn ypaBHeHHE:
-x
1)27*=3x + 10; 2) (%) =2x+5.
NPOBEPb CEBA!

1. ITocTpouTs cxeMaTH4ecKy rpadKy HyHKINIH:

1 x
y= (3) uy=>5%

1 0,2 1 1,2
2. CpaBHUTB YKCJIA: (3) u (5) ; 5702y 51,2
3. Peminths ypaBHEeHHE:
gx+l = 271—1; 0’2x2 +4x-5 _ 1
243 _ g+l = 12; 4.225-5.2541=0.
4. PermnTh HePaBEeHCTBO:
752> 49; (0,5)"2‘2%.

181. [TokasaTh, YTO IIOCJIEJOBATEJIHLHOCTh 3HaUeHNH GyHKIINH Y = 2% ipn
HATYPaJIbHBIX 3HAYEHNAX X COCTABJIAET NeOMETPIYECKYIO0 IIPOrPECCHIO.

182. 3a nepssIii rog paboTh IPeANPUATHE UMEJIO a pyoseit npubslin. B
JaJibHeHIeM Ka)KJblil roJ npuobLIbs yBeanunBaitacs Ha p% . Ka-
KO cTaHeT NPUOLLIb IPEAIIPUATHA 3a n-il rox paboTsI?

183. HaiiTu o6sacTs onpesesieHNA GyHKITHAM:

1)y= 2% 3) y=0,2/7V= 1,
1 1
2y=37%  ay=- (2

184. HaitTin MHOK€CTBO 3HAYEHNH QYyHKITIH:
Hy=3c1 2)y=1-3% 3)y=2*1  4)y=0,51"*+2.
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185. ITocTpouts rpaduK GyHKITHHA:
x+2
1)y=38*-1; 2)y=3*1 3)y=[§) -2, 4)y=227*+3.

Pemnts ypasuernne (186—188).
x2-12 3 po
25 27 5-= m
186' 1 ] i et =(—) ; 1 ,2 4 =2 .
) 0,6 (9) 155 2) 161025
2
187. 1)2.33x14 27773 —gx-1, 2. g2x-1,

2) V%2 _gVx+1 o g9, o¥x1,

3) 22.9.‘!—1 _1_3x+3 +l_3x+2 =4,
3 3 ’
4)5-4*1-16%+0,25-22x2+ 7=0.
188. 1) 2%+4 4 272 = 5+l 4 3. 5,
2) 52 — 7% — 52 . 17+ 7%.17=0;
3) 2x2—1 _3x2 = 31‘2—1 _2x2+2,

4) 34x +%.9x+2 =6.4x+1 _%.91‘+1.

189. PeminTs HepaBeHCTBO:
x-3

1) 8-4**+1 <1; 3)

4* -2¥1,8

zl—x
1 1
2) 2757 <10°3(10%*)2; 4) 35 g

<8x;

190. ITocTpouTs rpaduK GyHKIUN:

1) y=2Hx|; 2)y=|3*-3|.
Pemints ypaBHeHne (191—-194).
02x+0,5
191.1) = =5-0,04%; 3)2-4*-3-10%-5-25*=0;
V5
x X

2)4-3*-9.27=5.32.22; 4)4-9*+12*-3-16*=0.
192%. 1) 4% + 25% = 29; 2) 3% + 47 =91.
193. 1) 21x+51=8; 3) 3l 1l=3lx2|;

2) 5121 = 125; 4) 413+x| = gl=-2|,

194%, 2lx+1—|27—1|=1+2%,
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Pemruts HepaBencTBo (195—196).

195. 1) 3l*2l<9; 3) 2121 > 4lx+1];
2) 41x*11> 16; 4) 5lx+41 < 25/*|,
x-ﬁ 9x+0,5+1
196. 1) [1] 2 > g3x12+2r, 2) T I3 41,
9 3-3%

UcTopuuyeckan cnpaBka

B nmucemax HeMenkoro ¢usiocoda, pusnka-n3odpeTaTess i MaTeMa-
tuka I'. Jleiit6nuya (1646—1716) k ronnaugckomy yuesomy X. I'ioii-
zency (1629—1695), natTupoBaHHbIX 1679 r., MOXKHO HANTH MCIIOJIB30-
BaHNe (0e3 I0sICHeHN 1) IepeMEeHHO BeJIMYMHbI B IIOKa3aTeJle CTeNeH .

Haunnasa ¢ XVIII B. eBponeiickie MaTeMaTHKH, ellle HE UMesd CTPO-
roi TEOPHH JEeHCTBUTEbHBIX YHCEJ, U3YUYaH OTejbHbIEe CBOMCTBA 110~
kKasatesbHOM yHkunu. B XIX B., mocje Toro Kak B MaTeMaTHKe yIIpo-
YHMJIOCH [IOHATHE IIpejiesia ¥ ObIJIO BBEJEHO IOHATHE CTEIIeHHU C AEHCTBH-
TeJIbHBIM IIOKa3aTeJieM, YAAJ0Ch CTPOro 060CHOBATh U CBOMCTBA IOKAa-
3aTeJIbHOH (yHKINH.

Teopusa nmoxkasaTesIbHOM GYHKIIMHA MMEeT OTPOMHOE IIPHKJIaAHOe 3HAa-
yenne. 3BeCTHO, YTO MHOTHE IIPHUPOAHEIE H OOILIECTBEHHBIE SABJICHUS
IIPOMCXOJAT 10 3aKOHAM NoKa3aTesibHOI pyHknnn. Hanpumep, npu pa-
JUOaKTHBHOM pacnafie BeIecTBa ero Macca YMEeHbIIIaeTCA 3a PaBHbIE IIPO-
MEeXYTKH BPEMEHH B OZHO U TO »Ke 4KcJo pa3. Eciu uepes T\, 0603HaunTh
[IepPHOJ 1oJIypaciaja BelecTsa, To uepe3 T' et QCTaBIIAsACH Macca Be-

1\
mecTBa M BrIpaXxkaetca popmysoin M =M, (5] , TAe M, — nepBoHa-

yaJjibHaA Macca. Pa3MHOXKeHHEe }KHUBBIX OpPraHM3MoOB B IIpHpPOAE TaKe Ha-
XOAUTCA B MOKA3aTeJILHOI 3aBICMOCTH OT BpEMEHH.



rmaea lll | | CTENEHHASI ®YHKLMS

§ 9. CreneHHas ¢pyHkuusa, ee cBOMCTBaA U rpadumk

1
Bhl 3HaKOMBI ¢ QYHKIHAMA Yy =X, y = X2, y=x3,y= 2 BT Bce atu

bYHKIMH ABIAIOTCA YaCTHBIMH CJIYYasAMH CMeneHHoll pyHKYuu, T.e.
GyHKIIIN
y=xb, (1)

rae p — 3aflaHHOE JeMCTBUTEHHOE YHCJIO.

CaoiicTBa 1 rpaduK cTerneHHON GyHKINHA (1) cylecTBeHHO 3aBUCAT
OT CBOMCTB CTEIeHH! C AeHCTBHTEJLHLIM MMOKAa3aTe/IeM M, B YaCTHOCTH,
OT TOrO, IPX KaKNX 3HAYEHNAX X K P MIMEeT CMBICJI CTeNeHb xP,

ITepeiineM K moapoGHOMY PACCMOTPEHHUIO PA3JIMUYHBIX CJYyYaeB B 3a-
BHCHMOCTH OT [1I0Ka3aTeJis CTeNeHH P.

1. IToxa3aTeas p = 2n — YeTHOEe HATYPaJbHOE YHCIIO.

B aToM caryuae cTenenHas GyHKIuA y = x2", T
y} n — HaTypaJIbHOe 4MCJIO, 06JIafaeT cienyoIuMu
CBOICTBaMM:
— ob6JiacTh onpejesIeHNss — BCe NeiICTBUTEJIb-
y=x*  gne 4ucia, T.e. MHOXeCTBO R;
— MHOK€eCTBO 3HaYEeHHIl — HeOTpHUIlaTeJbHbIe
yucia, T.e. y > 0;

0 X — ¢yHKNMA y = x2" — yeTHad, TAK KakK
(—x)2" - xzn;
Puc. 13, a — ABJAeTCA yOhIBaloleil Ha IpoMexkyTKe x <0

¥ BO3pACTAIOLIei — Ha mpoMexKyTKe x 2> 0.
I'paduk bysxumu y = x2" yMeeT TaKoil JKe BIJ, KAK, HAIpUMeD, I'pa-
¢buk dyuxnuu y = x2 (puc. 13, a).

2. Iloxa3aTeas p =2n — 1 — HeyeTHOe HATYpaJbHOE YHCIIO.
B aToM ciyuae crenenHas GyHKIuA y = x2"°1, rae n — HaTypajb-
HOEe YHCJIO, 00J1a1aeT CJIeAYIOIIUMHA CBOMCTBAMH:

— 00J1acTh onpeieIeHUA — MHOXKecTBO R;

— MHOKECTBO 3HaUeHUII — MHOXKeCcTBO R;

— ¢yHKnua y = x2""1 — HeueTHas, TAK Kak
(_x)2n—1 =_x2n—1;

— ABJIAETCA BO3pacTalollleil Ha Bceil JelCcTBU-
TeJILHOM OCH.

I'paduk dyskmum y = x27n-1 ymeeT TaKoOM Ke
BUJ, KaK, Hanpumep, rpaduk dbysKnuum y = x3
Puc. 13,6 (puc. 13, 6).
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3. Iloka3areas p = —2n , rae n — HaTypPaJbHOE YHCJIO.

_ 1
B saToM coyuae cTerneHHass QYHKINA Y = X 2n —. obianmaer cie-
X

IYIOIIAMH CBOMCTBaMH:

— 006J1aCTh omnpeje/ieHNs — MHOXKe-
ctBo R, kxpome x = 0;

— MHOK€CTBO 3HAUEHHH — II0JIOXKH-
TeJbHBIE YnCJa Y > 0;

1
— ¢byHKINA y = P YyeTHad, TaK

1 1
Kak paves) = ;

. Puc. 14, a
— ABJAETCA BO3pacTaloIeil Ha mpo-

MexxyTKe X < 0 i yOuIBalomei Ha mpomMexxkyTke x > 0.
1

x2n

I'paduk byHxkuum y = HMeeT TaKoH JKe BHJ, KaK, Hanpumep,
1

rpaduk pynknuu y = — (puc. 14, a).
x

4. Ilokaszarean p =— (2n — 1), rae n — HaTypaJbHOE YHCIO.
B aToM caydae creneHHas GpyHKIHNA

-2(n-1 1
y=x"2D = e 061a1aeT CIeAyIOIH- y
MU CBOMCTBaMH:

— 00J1aCTh OmIpeAeIeHuA — MHOXMKe-
ctBO R, xpome x = 0;
— MHOKECTBO 3HAYEeHHUH — MHOXKe-

crBo R, kpome y =0; 0 '
1
— GysKIUa y = 5. — HedeTHad,
x
1 1
TaK KaK

(_x)Zn—l xzn_l ’

— #ABJAeTCA yOBIBaIOIel Ha Ipome-
KyTKax x <0 um x> 0. Puc. 14,6

1
Fpabuk GyHKUMH y = —-— HMeeT
x
1
TaKOM JKe BUJ, KaK, HanpuMep, rpapuk pyskuuu y = — (puc. 14, 0).
x

5. Iloxasarens P — IIOJIOKHTEJIbHOE IEHCTBHUTEJILHOE HeleJIoe YMCcJIo.

B sToMm caryuae pyHKIMA Yy = xP 001a8a€T CIEAYIOIMUMHI CBOMCTBAMM:
— obJyiacTh onpeeeHNA — HEOTPHIlAaTeJbHbIE YKca x 2> 0;

— MHOKeCTBO 3HaUYeHHI -— HeOTpHIlaTebHbIe uncaa y 2 0;
— ABJIAeTCA BO3pacTalonei Ha mpoMexKyTKe x > 0.
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I'padbuk dysknuu y = xP, rae p — MOJIOXKHUTEJIHLHOE HEIleJI0e YNCJIo,
1

HMeeT TaKOo# JKe BHJ, KaK, HallpuMep, rpaduk GyHKIUNA y = x3 (npu
4
0 < p < 1) u1u, KaK, HanpuMep, rpaduk GysKmum y = x3 (mpu p >1)

(puc. 15, a—6).

1 y

Puc. 15,a Puc. 15,6

6. IToxa3aTess p — OTPHIATEJIbHOE JEHCTBUTEIHHOE HelleJI0e YHCIIO.
B aTom cayuae pyHKINA Y = XP 06s1aaeT cieny-
y A JOILI[FIMH CBOMCTBAMM:
— 00J1aCTh OIIpeJie/IeHUA — II0JIOXKHUTE/bHEIE
yucaa x > 0;
— MHOJKECTBO 3HAUYEHHH — II0JIOXKUTEeJILHbIE
yucaa y > 0;
-~ — ABJIAETCA yOBIBAIOIIEH Ha MpoMeXxXyTKe x > 0.
0 x I'paduk GyHKIHH § = XP, T/ie p — OTPHIIATETbHOE
HeIleJIoe YHCJIO, HMeeT TAKOM JKe BHI, KaK, HAIIpH-

1
Puc. 15 -3
e 15,6 Mep, rpadmk pyHKIMH y = X 3 =—1r (puc. 15, 8).

x3

3amava 1. PemuTs HepaBeHCTBA:
1 4
1) x3 > x; 2) x3 > x.
1
A 1) HepaBenctBo x3 > x umeer cMmuica npu x > 0. IIpu x = 0 wepa-
BEHCTBO He BeInoJHsAeTcA. Ilpu x > 0, BO3BOAA HEPaBEHCTBO B Ky0, I10-
Jyyaem
x>x%, T.e. x(1-x%)>0.
Tak kax x > 0, o 1 — x2> 0, otrkyza x2 < 1, | x| < 1. CrenoBarens-
HO, 0 <x < 1. 4
2) AHaAJIOTMYHO, BO3BOJAA HEPABeHCTBO x° > x npu x > 0 B Ky0, no-
JydyaeM
xt> %3, 1. x3(x-1)>0.
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Tak kak x >0,Tox—1>0, T.e. x> 1.
OrBer. 1)0<x<1; 2)x>1. A .

Pemrenue 3T0ii 33424 NOKA3bIBAET, YTO rpadvK pyHKINM y = x3 Je-
SKHUT BhIle rpadpuka GyHkumm y = x npu 0 < x < 1 1 HIKe — mpu x > 1
4

(puc. 16, a); rpaduk byHKINH Yy = X3 JIeKUT BBIImIe rpadmnka QyHKIIAK

y=xupu x > 1 u Hrxke — npu 0 < x < 1 (puc. 16, 6).

y v

(=)
=
(=]

=

Puc. 16

3anmaua 2. CpaBauTs unciaa (3,2)3 " u (3,5)3".
ATakkak 3< n<4,1703 -1 <0.DPyHKIUA Y= x3™ y6pIBaer Ha
npomexxyTke x > 0. ITosTromy
(3,2)3*>(8,5)3". A

3 anxawuad*. HaiThn TOYKH nepecedeHHA rpadmKoOB GyHKITHIA

4
y= Yx u y=x3.
A Ins HaXxO0XAEeHUA TOYeK IepecedeHNd ITUX rpadMKOB PeIINM

ypaBHEHHE
4

Yx = x3.
JleBas yacTh 3TOro ypaBHEHMA MMeEET CMLICJI IIPH BCeX X, a Ipa-

BasA — TOJIbLKO npu x > 0. .

IIpu x 2 0 pysknua y = 3x cosmagaer c dyHKIHei y = x3, M03TO-
MY YPaBHEHHE MOXKHO IIPEeACTaBUTh B CJIEAYIOIIEM BHE:
1 4
x3 = x3.
BosBoasa aTo ypasHenmne (npu x > 0) B ky6, monyyaem
x=x4,
orkyaa x(x3-1)=0, x,=0, x,=1.
OrBerT. (0;0),(1;1). A
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3anxaua 4*, ITocrponts rpadhuk GyHKIUN

1
y=1+|x?.

A BameTum, uTO 3Ta GYHKIMA YeTHAA, TaK Kak | —x | = x. [ToaTomy
IOCTaTOYHO MOCTPOHUTH ee rpaduK s x > 0, a 3aTeM CHMMETPHUYHO OT-
Pa3uTh €ro OTHOCUTEJIHHO OCH OPAMHAT.

1 1
Ilpu x >0 umeem y = 1 + |x |5 =1 +x3%. CrpoumM rpadux GyHKIAU
1
y= x3 (upu x > 0), caiBAraeM ero BBepx Ha eJUHHILY ¥ OTPAXKAEM I0JIy-
YeHHBII rpaduK OTHOCHUTEJILHO OCH opAnHAT (puc. 17). A

]

' |—

31 y=1+[x’

Puc. 17

YnpaxHeHus

197. N300pa3uTs cxeMaTHYeCKH rpaduK GYHKIIMH B YKa3aTh ee 06,1aCTh
omnpejeJIeHNs M MHOYKEeCTBO 3HAUEHMIA:

[N

Dy=x% 2) y=x% 3) y=x*;
1
Yy=x3 5) y=x% 6)y=x°.
198. (Yemnuo.) fABnserca nu byHKIMA y = xP Bo3pacTaloleii (y6niBalo-
mieit), ecuan:
2
)p=+3; 2)p=1; 3) p=1-15;
1
Yhp=_; S)p=2-m; 6) p=e?
199. N306pasnTh cxeMaTU4YeCcKN rpadpuk GyHKINH:
2 5
Hy=25;  y=x3;  Hy=x%  4y=z2?
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200. ITons3yack CBOCTBAMH CTENEHHON QYHKITNH, CDABHUTH C €MHH-
mes: 02
1)4,127; 2) 0,203; 3)0,7%5  4)(V3)".

201. ITonp3ysacsr puCyHKOM 15, 6, HaliTH MPOMEXKYTKH, HAa KOTOPLIX

rpadpunku byuknoumit: 1) y= x 2 ; 2) y = x™ — JyreakaT Buile (HHXKE)
rpadvka GyHKIUHU y = X.
202. ITonp3ysacs pUCYHKOM 15, a, HATH IPOMEXKYTOK, HA KOTOPOM r'pa-
1
durn pysrnmit: 1) y = x* ; 2) y = x 5" 45° — jexar Boime (HHXKe)
rpapuka GQyHKINN Y = X.
203. CpaBHNTH 3HAYEHNUA BLIPAXKEHMA:

72 8 \2
7,2 7,2. — — .
1) 3,172 1 4,372 5) (9) “(10) ;
9 (5))2’3 (2)2,3. 6 14\i  (15\i
Y1) =\11) )(E)"(E)’
2 2
3)0,3%3 1 0,203; 7 (4J§)5 " (3JZ)5;
-0,2 -0,2
4) 2,531 n 2,631, 8) (2%) n(ﬁ%/'z") )

204. B ogHOIi cHCTeMe KOODAMHAT IIOCTPOUTD rpadMKH QyHKITHIA:
1
Dy=x*ny=x%; 3) y=x’m y=x7%
1
2)y=x*u y= x*; ) y=x% u y=x"5.

205. Ilonw3ysack pUCYHKOM 15, 8, HaAHTH IPOMEXKYTOK, Ha KOTOPOM rpa-
buku QyHKIIHII:
Dy=x4 2)y=2"
JieokarT BhInie (HMke) rpaduka GyHKINH Y = X.

206. N306pa3uTh cCXeMaTHYEeCKH rpadHuK GYHKIIHAM:
1

DDx=x"+1; 2)y=x;—1; 3)y=(x—-2)

fy= @+ B)y=2+x7Y 6)y=(x-2)%
1 2

Ny=3x"; 8)y=;ﬁ-

3-10. M. Koasrun, 10 k1. 65



207*. ITocTpouTs rpaduK QyHKIINHU:

1
Dy=|x3; 2)y=|x% 3y=|xP+1;
1 1
Yhy=|x| -2; 5 y=lx-1p; 6)y=|x+2]%;
1
7)y=lfi1|i; 8)y=|2x|3.
3
208*. Ucnonp3ysa rpadpukn GyHKIUA, BRIACHATE, CKOJIBKO KOPHEH nMme-
eT ypaBHEHHe:
Loy
1) x3=8*-2; 2) x° =(3) -3.

§ 10. BzaumHo oO6paTtHbie GyHKUUKN

Ecan 3agana dyHknua y = f(x), TO AJA KaXKAOro 3HAYEHUA X U3
obs1acTu onpegeseHNsa GYHKIIMKA MOXKHO HaliTH COOTBETCTBYIOILIee 3HA-
yenne y. Hepegko npuxoauTcsa pemars 06paTHYIO 3afiadyy — IO JAHHO-
My 3HA4YeHHI0 GQYHKIINH J HAXOANTH COOTBETCTBYIOIIEe 3HaUYeHNe apry-
MEHTa X.

IIpuMepoM MOKeT CYKHUTH HopMysa U = v, — gt, KOTOpas BhIPa-
’KaeT 3aBUCMMOCTh CKODOCTH U ABHXKEHHA TeJia, OPOIIIEHHOr0 BBEepX C
HaYaJbHOM CKOPOCTHIO U, OT BpeMeHH ABMKeHHudA t. U3 aTo# hopMyJibl
MOKHO HaWTH 00paTHYIO 3aBHCIMOCTbL — BPEMEHH ¢ OT CKODOCTH U:

t=2""
g

B paccMOTpeHHOM IpHMepe KayKA0MY 3HaUeHNIO GYHKINK COOTBET-
CTBYeT OJHO OIIpefieJIeHHOe 3HaueHNe apryMeHTa. J{ind Takux QyHKImit
MOXKHO BHIPa3UTh 0OPAaTHYIO 3aBUCHMOCTDb 3HAUEHWII apryMeHTa OT 3Ha-
yennii pyuknnu. ITosromy Takme GyHKINN HA3HIBAIOT OOPATHMBIMH.

Ecau ¢pynryusa y = f(x) npunumaem rasic-
doe ceoe 3HaueHue Yy MOoAbKO npu 00HOM 3HA-
YeHUuu X, mo amy pYHKYUI0 Ha3viéaom obpa-
mumot.

Hanpumep, byaknua y = 2x — 2 obpatu-
Ma, TaK KaK Kakjoe 3HaUeHWe y IPUHIMAaeT-
1 CA IpPY €AUHCTBEHHOM 3HAYEHNH apryMeH-
Ta X. ITO 3HAUEHHEe MOXKHO HAWTH, pemasa
» YyDaBHeHHe y = 2x — 2 OTHOCUTEJILHO X.

-1 0 1 X ®yrknusa y = x2 He ABNAeTCA 06PATUMOIL,
TaK KaK, HallpuMep, 3HauyeHue y = 1 oHa npu-
Puc. 18 HUMaer 1py x = 1 1 npu x = —1 (puc. 18).

y
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IIycrs y = f(x) — obpaTnMas dyrKImua. Torga KaXxXaoMy y U3 MHO-
’KecTBa 3HAYEeHMNH (PYHKIIUH COOTBETCTBYET OJHO OINpeaeIeHHOEe YHCJIO
x U3 06JIaCTH ee ompefesieHns, TaKkoe, 4To f(x) = y. ITO COOTBETCTBHE
omnpezesseT GYHKIHIO X OT Y, KOTOPYIO 0003HayuM X = g(y). B aToii 3a-
IHCH, B COOTBETCTBHMH C IPHHATHIMA 0003HAaUCHUAMH, IIOMEHAEM MecC-
Tamu x u y. [lonyuum

y=g(x).
dDyuknuio y = g(x) Ha3BIBAIOT 06pamHoil K hyHKIUM y = f(x).

3amaua 1. Haiitn hyHKIHAIO, 00PATHYIO K QYHKIITNH

y=3x+5. (1)
A Pemas 3To ypaBHEeHHE OTHOCHTEJIBHO X, II0JIy4aeM
1
x=3 (y — 5).
B aroii hopmyie moMeHAEM MECTAMHU X K Y
1
y=3(x-5). 2)

dDyurnmsa (2) apiasercs o6paTHO K pyHKinu (1). A

Ecnu obparTumas dyHKkuma y = f(x) sagana GpopMyJioii, TO AJIA Ha-
XOXKJeHusa 00paTHOI GyHKIIMK HAKO PEIIUTh ypaBHeHUe f(x) =y orT-
HOCHTEJIFHO X ¥ 3aT€M IIOMEHATh MECTAMU X U Y.

3aMeTHM, YTO PaCCMOTPEHHAadA B 3ajaue GYHKIUA Y = 3x + 5 ABIAET-

1
ca o0paTHO K HaiffieHHO! A1 Hee 00OpaTHON GyHKINH Yy = 3 (x - 5).

ITosToMy 3TH PYHKIIMH HA3BIBAIOT 83AUMHO 0ODAMHbLIMU.

N3 onpenesiennsa o0OpaTHOH QYHKIIUM CJIEAYET, ¥mo 06aacme onpe-
denenus o6pamuoil GYHKYUU co8nadaem ¢ MHOHCECMBOM 3HAUCHUIL
ucxo0Holl, @ MHOXMcecmeo 3HaueHuil o6pamnoil pyrHKyuu coenadaem c
obaacmbuio onpedenenus ucxo00HoU PYHKYUU.

1
3anmaua 2. Hatitu pyHKIUIO, 00paTHYIO K GQYHKINHU Y = st

1
A Pentast 5T0 ypaBHEeHHE OTHOCHTEJILHO X, IIOJy4YaeM x = 2 + ; . 3a-

1 A
MeHanHaynyHax,Haxozmmy=2+ —.
X

. 1
B aroii 3agaue 061acTs onpeaeseHNsa QyHKIUHN Y = 9 ©€CTh MHO-

JKeCTBO AEHCTBUTEJbHBIX YHCEJ, He PABHBEIX 2, 8 MHOXKECTBO ee 3Haye-
HHi — Bce AeiicTBHTeIbHBIe YKCJa, He paBHbEIe (. 'paduk aroit pyHK-
LM IPeJCTaBJIeH Ha pucyHKe 19.
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. 1
IIns obpaTHo#i pyHKIUN Yy = 2 + — 00JaCTh OnpeAeeHuss — MHO-
X

JKEeCTBO JeHCTBHUTEJILHBIX Ynces, He paBHuIX 0, a MHOXKECTBO 3Haye-
HHUM — Bce JeHCTBHUTEJbHbLIE YKCJa, He paBHbIe 2. I'padhnk obpaTHOiM
¢byHKINHK n306parkeH Ha pucyake 20.

}7 )7
5 y=2+3
0
\lo X
Puc. 19 Puc. 20

I Teopema 1. MoHomoxuHaa pynKyua aéasemcs o6pamumoil.

O IlycTs, HanpuMep, GyHKIMA y = f(x) BO3pacTaeT u nyCcThb y, — ee
3HaYeHHe B HEKOTOPOii TOUKe X, T.e. Y, = f(x,). Toraa ecnu x npunapie-
AT 006/1aCTH OnpeaesieHus GYHKINM, TO IPK X > X, BRINIOJHAETCA Hepa-
BeHCTBO f(x) > f(x,) = y,, a npu x < x, — HepaBeHCTBO f(x) < f(x,) = y,.
CienoBaTenbHO, 3HAUEHHE Y, pPacCMaTPHBaeMasd (PyHKIHUA NIPAHUMAET
TOJILKO B OQHOM TOYKE M [I03TOMY ABJIAETCA 00paTUMOii. @

Hanpumep, dysakuus y = x3 Bospacraet, u mosTomy oHa obpaTuma,

00paTHOI K Heil ABNAeTca QyHKIUA Y = Yx (pumc. 21, a).

Ecau dysknus y = f(x) Bo3pacraer, TO C yBeJHMUYEHNEM X 3HAYECHHA Y
BO3PacTaloT M, Ha000POT, C YBEJIMYEHNEM I BO3paACTaeT X. ITO O3HAYA-
eT, 4T0 oOpaTHasA QYHKIUA TaK)Ke BO3pacTaeT. AHAJOTHMYHO eCJId QYHK-
nua y = f(x) yosiBaet, To 06paTHas K Heil QYHKIUA TaKXKe yOLIBaeT.

Hanpumep, pynknusa f(x) = 1 — 2x yo6nuiBaeT, 1 o6paTHad K Hel

1-x
byHKIUA g(x) = 5 TakKe yoniBaeT. PyHKIUA, He ABJIAIOIIAACA MO-

HOTOHHOM, MOKeT He UMeTh O0OpPaTHOIA.

Hanpumep, dysknusa y = x2, paccMaTpuBaeMas Ha BCe# UMCIIOBOI
ocH, He umeeT o6paTHOM!. OAHAKO ecM DYHKIHIO Y = X2 paCCMaTPUBATD
TOJILKO 1pu X 2 0, TO Ha 3TOM IPOMEXKYTKE OHA BO3PACTaeT U, CJIeJ0Ba-

TeJIbHO, IMeeT 00paTHYIO Y = \/; (puc. 21, 6).
®yukuusa y = x2, paccMatpuBaeMas npu x < 0 , yOnIBaeT M Takxe

uMeeT o6pPaTHYIO Yy = — \/J_C (puc. 22).
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Puc. 21,6

y=fx)

’

}r‘}
y=x 7
W A y=lx
-1 0 1 X
£
Puc.21,a
)" y
y:xz //
x\<0’ Yo
H o /
o X
-1 7 1 x .
- y=X
Puc. 22

P
0 y Yo x
y=gx)

Puc. 23

Teopewma 2. Ecau pyukyus umeem obpamuyio, mo zpapuk
o6pamnoil pyHKYUU cummempuier zpapury 0aHHOl GQYHKYUU OMHO-

CUMENbHO NPAMOL Y =X.

O Ecsu TouKa (X; Y,) IPHHALJIEIKHUT IPa-
buky pyaknuu y = f(x), To Touka (Y5 X,)
NPUHAAJIEKUT rpaduKy o6paTHOH HyHKIIUN
y = g(x) (puc. 23), a TOUKH (X; Yo) 1 (Y5 X,)
CHMMETPHYHEI OTHOCUTEJLHO NPAMOH Y = X
(puc. 24). ®

Pucynkn 21, 6; 22 myLTIOCTPUPYIOT 3Ty Te-
opeMmy.

OTMmeTnM, 4TO cTenneHHad GyHKINA Y = xP
¢ obnacTbio onpepesenusa x > 0 u p #0 obpa-
THMa, TaK KaK 110 cBOMCTBY 3 § 9 oHa MOHO-

y 4
xpsy0) N
Yo
X9 (YoiXo)
0 Xo Yo x>
Puc. 24

1

roHHa. OGpaTHOM K Hell ABAeTcA PyHKIuA y = xP .
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YnpaxueHua

209. (Yemno.) BHSCHUTSE, ABIAETCA I 00PaTHMOM QYHKI[HA:

1
1)y=3x-1; 2)y=x2+T; 3y=_;
4)y=x; 5)y=x4; 6)y=xt x<0.

210. HaitTi pyHKIIHIO, 0OPATHYIO JAHHOI:
)y=2x-1; 2) y=—5x+4; 3)y=%x—§;
4)y= 3“2‘1; 5)yy=x3+1; 6) y= 23— 3.

211. Haitti 06;1aCTh OIpeie/IeHUA M MHOXXECTBO 3HAUCHUI QYHKINH,
00paTHO# JaHHOH QYHKIINH:

1) y=-2r+1; 2y=;x-T By=2-1

3
212. dyrknua y = f(x) sagana ceonM rpapuxom. IlocTpouts rpadmk
¢byHKIHH, 00paTHOI AaHHOU (pHC. 25).

Hy=(x-1)% By= >

s
x

\ A

y y y y
2 A
;4\ G
= »
o) 3
2
1 \ ! 1
5 _A N~
o 1 x o 1 x 0 1 X X
a) 0) 8)

Puc. 25

213. fIBnsAOTCA 1M B3aNMHO OOPAaTHRIMH QYHKITHH:

1.
;\*/;7
2)y=—x5n y=x; 4)y=é/x_3n y=§/x-2?

214. Haitti pyHKINIO, 0OPAaTHYIO AAHHOM:

Dy=-x*ny=-%x; 3y=xPny=

3 1

1 3 3 1
1) y=-x2%; 2)y=-x%; ) y=x2%; 4)y=-x8.
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215. Ha ogfHOM DHCYHKE IIOCTPOHUTH rpadMK AaHHON QYHKIINM 1 HYHK-
¥, 00OpPaTHOM JaHHOM:

1)y=38x-1; 5 y=x3-2;
2x-1

2)y=—35; 6)y=(x-1)%

3)y=x2-1 mpux>0; Ny= Jx - 1;

4)y=(x-12nprx>1; 8)y=+x +1.

§ 11. PaBHOCUNbHbIE YPaBHEHUA U HEPpaBEeHCTBA

1. PaBHOCHJIbHEIE YDABHEHHU S

3anmaua 1. HaiiTn Touku nmepeceueEns rpadukoB pyHKI M
y=3 Jx n y=x+2.

A Ecin (x; y) — TouKa nepecedyeHNs JaHHBIX rpaUKOB, TO Yy =3 \/; =
=x + 2. CiemoBaTesbHO, AJI HAX0XKAEHNA a0CIIACC TOUEK ITepecedyeHnsa
HAJI0 PEIINTh yPaBHEHHE

3Jx =x+2. (1)

BosBoaa o6e uacTu ypasuenus (1) B
KBafpar, noxydaeM 9x = x2 + 4x + 4, ot- y
Kyza x2 — 5x + 4 = 0. Kopau aToro kBaj- 4
paTHOro ypaBHeHus x, = 1, x, = 4. IIpo- - 3
BepKa IIOKa3bIBAEeT, UTO 00a 3TH KOPHA 6 y=3Vx
ABJIAIOTCA TAKYKe ¥ KOPDHAMHU YPaBHEHUA T
(1). 1

Teneps HAXOAUM OPAHUHATH TOUYECK 37
nepece4yeHuA JaHHBIX TIpadHUKOB

y1=3 x =3, y,=3\x; =6. Arak, < " P

JaHHBIe rpaUKH IIepeceKaloTCa B ABYX
roukax (1; 3) u (4; 6) (puc. 26). Puc. 26
OTrgBer. (1; 3); (4;6). A
IIpn npeo6pa3oBaHK NCXOAHOIO YPaBHEHUA
3Jx =x+2
MOy YU
Ix=x2+4x+4;
x2-5x +4=0.

Bce Tpu ypaBHEHMA NMEIOT OZHH U Te XKe KOPHHU X, = 1, x, =4. Takue
YPaBHEHHA HA3LIBAIOT PAGHOCUNIbHbIMU.
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Ypasnenus, umeoujue 00HO U MO Jce MHONICECME0 KOPHeIl, Ha3bl-
6aomcs pa6HOCUNLbHBLMU .

Hanpumep, ypaBreHns 4x — 3 =2x + 3 u 2x = 6 paBHOCHJIbHEI, TAK
KaK KakJoe U3 HUX MMeeT TOJbKO OAUH KOpeHb X = 3. YpaBHEHHUA
(x—2)x+5) =0 mx2+3x — 10 =0 Takke paBHOCHJIbHBI, TAK KaK
OHH MMEIOT OJTHH U Te YK€ KOPHH X, = 2, X, = —5.

M3 onpexneneHus paBHOCHJILHOCTH YPaBHEHHH CJeLyeT, 4TO 08a
YPABHEHUS PABHOCUNbHBL, eCaU KaxOblil KODeHb Nepeozo YpasHeHUus
A8aAemcs KOpHeM 6mopozo u, Hao60pom, Kaxdvlii KOPeHb 8MOPO20
YDPaBHeHUA ABAACMCA KODHEM Nnepeozo. YpasHeHus, He umelouue Kop-
Hell, maKice Ciumalom paéHOCUNbHbLMU.

M3 kypca 7 Kyiacca BHI 3HaeTe, YTO MOXKHO CAEJIATh CJIeAYIOIINE [pe-
o0pa3oBaHUA YpPaBHEHHUIA:

21060l YNleH YpaBHEeHUA MONCHO NepeHocums u3 00HOl yacmu 8 opy-
2Y10, USMEHUB e20 3HAK HA NPOMUBONONOHCHYLIL;

00e yacmu YypasHeHuUs MONCHO YMHOHCUMDb ULU PA3deaumb HA 00HO
U Mo Jce Hucao0, He pagHoe HYJLIo.

IIpu 3TMx npeoGpa3soBaHMAX MCXOAHOE YPABHEHUE 3aMEHAETCS Ha
PaBHOCHJILHOE €My YpaBHEHHeE.

3aMeTHM, UTO eCJIM HEKOTOPOe BRIPAaKEeHHE B JIEBOM MJIM ITPaBoii ua-
CTH YPABHEHHA 3aMEHNTH TOKAECTBEHHO DABHLIM €MY BhLIDAKEHHUEM, TO
NOJIYYNTCA ypaBHEHNE, PaBHOCHJIbHOE HcxoqHoMY. OZHAKO He IpH JIio-
60M npeo6pa30oBaHNK ypaBHEHHE 3aMeHAETCA Ha PAaBHOCHUJIbHOE.

Hanpumep, npu Bo3BeJeHUM B KBaJpaT 00eMX dacTeil ypaBHEHUSA

x/;=x—2

x=(x-2),
He PaBHOCHJIbHOE MCXOAHOMY: MEpPBOE YpaBHEHHE HMEET TOJHBKO OXHH
KOpeHb X = 4, a BTOpoe — 1Ba KOpHaA X, =4, x,=1.

B 3TOM ciiyuyae BTOpOoe ypaBHEHHE Ha3bIBAIOT cJaedcmeuem 1epBoro
ypaBHEHHUS.

Ecau npu nepexoje OT OAHOTO YPaBHEHHUA K APYrOMy He IIPOHCXO-
JUT II0TEePH KOPHEil, TO BTOPoe YPaBHEHME Ha3bIBAIOT cedcmauem nep-
Boro. JIpyruMu cjioBaMH, ecau 6Ce KOPHU Nep8ozo YpaBHeHUA ABAAIOM-
CA KODHAMU 86MOp0z0, MO 6MOpoe YPABHEeHUe HA3bl8Aemca caedcmau-
eM nepeozo YpaéHeHusa.

W3 3TOrO0 O1IpesiesIeHUA U OIIpeieIeHN s PABHOCUIBHOCTH YPaBHEHUA
cjeayer, 4To:

1) ecsim ABa ypaBHEHHMS PAaBHOCHJIBHBI, TO KaXKJ0e U3 HUX ABJIAET-
cdA CJIeAACTBHEM APYToro;

2) ecsi Ka)kaoe U3 JBYX YPaBHEHUI ABJIAETCA CJIEACTBHEM ADPYro-
ro, TO 3TH YPaBHEHUA PABHOCHUJIbHBI.

noJIy4aeTcs YpaBHeHHNe
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IIpu perreHun ypaBHeHH IJIaBHOE HE IOTEPATH KOPHH, a HAJIHYNe
MOCTOPOHHHX KOPHEH MOYKHO YCTAHOBHUTH NPOBepKoii. [IloaTomy Bak-
HO CJIEAUTH 3a TeM, YTOOhI Ka)XJoe ypaBHEeHHe, MOJyUYeHHOe IIPH IIpe-
00pa3oBaHMM JAaHHOTO ypaBHEHMNs, OLLJIO €ro CjaeaCTBHEM.

3anpmaua 2. Pemnts ypaBHEHHE

2¢ x+1_ 4

-2 x-1 (x-D(x-2) @)

A YMHOXHM 06e YacTH ypaBHEeHHMs Ha oOLINii 3HaMeHaTeb BCeX

Tpex apobeii, T.e. Ha (x — 1)(x — 2). [Tonyumm
2x(x - 1) - (x+1)(x - 2)=4, (3)
OTKYyZa
x2-x-2=0, x,=2, x,=-1.

IIpoBepka.l)Ipu x = 2 3HameHaTes ! ABYX Apobeii ypaBHeHusA
paBuHI HyJ10. [IoaToMy X = 2 He ABJIAETCA KOPHEM JaHHOI'O YPaBHEHHUA.

2) IIpu x = —1 neBas yacTh ypaBHEeHHA PaBHA

2(1) -1+1_2
1-2 -1-1 3

nmpaBad 4aCThb paBHa
4 2
C1-1)(¢1-2) 3

OrBeT. x=-1. A

3aMeTHM, 4YTO AJ1d IPOBEPKHU KOPHA X = —1 JOCTATOYHO YBUAETH, UTO
3HaMeHaTeJn Apobeiil ypaBHEeHUA Py X = —1 He paBHBI HYJIIO (€CJIH, KO-
HEUYHO, IPY PeIlleHNH YPaBHEHNs He JAOIYIIeHbI OmIMOKHM B mpeobpa3o-
BaHUAX U BHIYNCJIEHNAX).

IIpu perieHny 3TOi 3ajauyul M3 paBeHCTBa (2) MOJIyYeHO ypaBHe-
Hue (3), KOTOpOe ABJIAETCA CIEACTBHEM ypaBHeHus (2). Kopens x; = 2
ypaBHeHn (3) He ABJIAeTCA KOpHeM ypaBHeHnd (2). Ero HassIBaloT no-
CMOPOHHUM KOpHeM AN ypaBHeHNd (2).

IHocmopoHhue KOpHU MOTYT NOJYYUTHCA PN YMHOXKEHHUH 00enx
yacTeil ypaBHEHHS Ha BhIPaKeHHeE, COiepiKalliee HEM3BeCTHOe.
3amaua 3. Peints ypaBHEeHHE
x2—4="Tx-14.
A IIpeobpasyem naHHOE ypaBHEHHE TaK:
(x+2)(x—-2)=T7(x - 2), 4)
(x—-2)(x+2-T7)=0,
(x=5)(x-2)=0,
OTKyZa x; =5, x,=2. A
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Ecau o6e yuacTu ypaBHeHHuA (4) pasgesnTs Ha X — 2, TO MOJYYNTCA
ypaBHeHuHe X + 2 = 7, KOTOpOe MMeeT TOJILKO OAWH KOPeHb X = 5, T.e.
NPOM30MAET NOTePsS KOPHA X = 2 M pelleHne 3a1a4M 6yAeT HeBePHBIM.

ITorepsa KOpHE#l MOMKeT NPOM30OUTH NPH AeJIeHUH 00enX yacrei
yPaBHEHWA Ha BhHIpaKEHHE, COAepIKalllee HEU3BECTHOE.

Hrak, npu penieHny ypaBHeHUA MOXKHO J€JIATh TOJILKO TaKHe mpe-
o06pa3oBaHUA, IIPH KOTOPHIX HEe IPOMCXOAUT ITOTEpH KopHei. Ecau npu
3TOM II0JIy4YAIOTCA YPaBHEHUA-CJIEACTBAA JaHHOT0, TO HE06X0AMMAa MPo-
BePKa HalJeHHBIX KOPHEe.

2. PaBHOCHJIBbHEIE HEpABEHCTBA

AHanoruuso orpeneaseTca PaBHOCHJIBHOCTh HEPABEHCTB C HEN3-
BECTHBIM.

Hepaeencmea, umerwuwiue 00HO U MO e MHONHecCmeo peweuua, Ha-
3bl8aI0OM DABHOCULbHLIMU.

x-3

2 +1

Hanpumep, HepaBeHCTBa <0 71 x — 3 < 0 paBHOCHJIbHEI, HE-

paBencTBa x2— 4x < x— 6 u x2— 5x+ 6 < 0 TaKKe PAaBHOCHJIbHEL.
IIpu pemeHnyn HepaBeHCTB OOLIYHO JaHHOE HEPaBEeHCTBO IIpeodpa-
3yeTcs B PaBHOCHJILHOE eMY.

3amaua 4. Penints HepaBeHCTBO
5x-3
2 +1

>1.

A Tak kak x2+ 1 > 0 opu Bcex AeiiCTBHTEILHBIX 3HAaUEHHUAX X, TO,
YMHOKad JaHHOe HepaBeHCTBO Ha X2 + 1, mosrydyaeM HepaBeHCTBO
50 —3>x2+1,
PaBHOCHJIBHOE JAHHOMY.
Pemas 3T0 HEpaBEeHCTBO, MOJIy4aeM

x2-5x+ 4<0,
(x—-1)(x—-4)<0,
oTKyzmal<x<4. A

3amauva 5% Pemuts ypaBHeHHE

(Be— 422 = (3x - 4y,
A1)3x-4>0,H03x-4#1, T.e. x> g,no x# E,Torna2x2+2=5x,
1
2’

4 1 4
2x4-5x+2=0,x=2umm x 33 3,.1c1 2.

5
2)3x—-4=1,T.e. x,= 3+ TaK KaK 1Y =1 nopm sr060M y.
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4 16 2
3)3x—-4=0,T.€. XxX= 3 BrimosinuM nposepky: 9" =0, 03

4
X3= 3 — KODeHb ypaBHeHHS.

4
—,H0x# 1, Torma 2x%2 + 2 = 5x,

4)3x-4<0,H03x—4%-1,T.e. x < 3

5

lemmx 2; 1 4 BBIOJIHMM IPOBEPKY: —§5¢ 5 TakK

2 5 2 3 p PKYy: 2 5]
5

Kak (_g)z He CYILIeCTBYET.

5) 8x —4=-1, r.e. x = 1. Beimonaum mposepky: (—1)21+2 = (-1)¢ > 0,
(1) <0, x =1 — He KOpeHb.

5 4
OrBer. x,=2,x,= 3°%= 3" A
YnpaxHeHusa
216. Pemiuts ypaBHEeHHE:
x-2 1-2x
)(x+7)-3=2x+14; 3)ﬁ_m’
1 1 5x-15 2

=4 ; = .
R i D G+ x+2

217. Buxcam‘s, PaBHOCHJIbHBI JI yPaBHEHHNA:
1)2x-T=4x+5 n 2x+12=0;

2) %(Zx— 1)=1 n 3"8_1=1;
3)x2-3x+2=0 n x2+3x+2=0;
4)(x-2)°=3(x—-2) m x—2=8;
5)x2+1=0 u 2*1=0;
6)|x-2|=-8 m 3*=(-1).

218. BrIACHUTE, PaBHOCHJIBHBI I HEPABEHCTBA:
1)2x-122 u 2(x-1)21;
2)(x—1)(x+2)<0 1 x2+x<2;
3)(x—2)(x+1)<3x+3 u x—2<3;
4)x(x+3)>2x um x%(x+3)>2x2.

219. YcTaHOBUTH, KaKO€ M3 ABYX NAHHLIX YPABHEHHUI ABJIAETCA CJIeN-
CTBHEM JAPYroro ypaBHEHHUA:

2
1)x-3=0u x>~ 5x+6=0; 2) i"l"?eo u x2-3x+2=0.
o
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220.

221.

Pemiuts ypaBHEHHNe:

2 4
1) =T 3) (x - 3)(x - 5)=3(x - 5);
x+1 x-1 x°-1
gy x-l 2_ 1, 4) (x - 2)(x% + 1) = 2(x2 + 1).
x-2 x x-2
PemnTth HepaBeHCTBO:
x+3 x-2
1 <3; 2) =—>1.
) 2+x? ) 5-x

222,

223.

224.

225.

226.

227.
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BerscHUTH, paBHOCHJIbHBEI JIX YpaBHeHNA (222—224).

1)|2x-1|=83u 2x-1=3;
g)3x-2_4-x 3x5 o, 5 uorr3=10
3 2 6 3
1)1=0nx2+1=0; 3)x2=2x u x=2;
x
2)\/_=—2 Hx+3=x; 4) 32"2‘5":% u 2x2-5x=-2,

1)2x-1=4-1,5x n 3,5x-5=0;
2)x(x—1)=2x+5 u x2—-3x-5=0;
3)23x+1-23 i 3x+1=3;

4) Jx+2 =3 m x+2=09.

YcTaHOBHTH, KaKO€ U3 ABYX JaHHBIX YPaBHEHHH ABJIAETCA CJel-
CTBHEM APYroro ypaBHEHHA:

1)|x|=5 u Jx? =5;

2

x4 o x2=4;

x+2 x+2
3)(x-5)(x+3)2=2(x+3)2mx-5=2;
4) F2 o8 (- 2)(x+2)=(x - B)(x +3).

x+3 x+2

1 2 5x 32

Peniuts ypaBHEeHUE

3x+1 3x-1 9x?-1 1-9x%
HaiiTi KOpHM YypaBHEHHUA:

8 _4x-1_x"+45 gy X+2_x(x-4)_zx-2 4B3+2)
x-1 x+1 2-1 x-2 -4 x+2 4-2°

1)




228. PelltuTh HEPaBEHCTBO:
1)x3-3x2+2x-6>2x3 - x2+4x-2;
2) x3 - 3x2—-4x+12>-3x% + x2+ 12x — 4.

229*%, Pemints ypaBHEHHE:

1) (x-3)" <2 =1; 3) (x+3)° 4 =(x+3)3;
2) (R-x-1)"1=1; 4) (x+3)° 3 = (x+ 3.

§ 12. MppaunoHanbHbie ypaBHEHUNA

B ypaBHeHnax Jx+1=x-1, 5x—-4 =2+ \/; HEN3BEeCTHOEe X Ha-
XOANTCH MMOJ 3HAKOM KOPHA. Takyne ypaBHEHHA HA3LIBAIOTCA UPPAULO-
HANbHLIMU.

IIpuBenem ellle nprMephHl HPPAIMIOHAJIbHBIX YPaBHEHHUIA:

Yx+15=x+1, Yx+6=+/6-x.
HWppannoHajpHbie YPABHEHHUSA YacTO MOJIYYAIOTCA IPH PEIIeHNH
Pa3HbIX 3aga4. I/IX pelnienrne OCHOBaHO Ha CJjeaylollneM CBOMCTBe.

ITpu 6036edenuu obeux wacmeii ypagHeHus 6 HAMYPALbHYIO CMe-
nenb noayuaemcs ypasérHeHue-caedcmaeue 0aHH020.

O Ilycrs x — KOpeHb ypaBHEHHA
f(x) = &(x),
T.e. f(x) = g(x) — BepHOe yKcJI0BOE paBeHCTBO. Torzaa o cBoiiCTBaM Bep-
HBIX YHCJIOBBIX paBeHCTB f(x) = g"(x) — TaK»Ke BepHOe YHCJIOBOE pa-
BEHCTBO, T.€. X — KODP€Hb YPaBHEHUA
f(x)=g"(x). ®

O6paTHOe yTBEep:KAeHNe HEBEPHO.

Hanpumep, ypaBuenue v6—x = x mMeeT OAMH KOpPeHb X = 2, a ypas-
HeHHe 6 — x = x2 UMeeT JBa KOPHA x,=2,x,=-3.

IIpu Bo3BeAeHUHN 00EHX YacTei HPPAaliOHAJIbHOTO YPaBHEHN B Ha-
TYPaJIbHYIO CTeII€Hb MOTYT MOABUTHCA IIOCTOPOHHME KOPHH, II03TOMY
Heo0XoJMMa IpoBepKa.

Hanpumep, npu Bo3BeaeHNH 06enx YacTeil ypaBHeHUA

Ve +x-1=x
B KBaipaT IIOJIyYUM yYpaBHEHHE
x2+x-1=x, rT.e.x%2=1.
IT0 ypaBHEHHE UMeeT JBa KOPHA X, = 1, x,=—1. Bropoii KOpeHb AB-

JIfieTCsA MOCTOPOHHUM JJIA HCXOJHOrO YDABHEHNA, TaK KaK OAKOPEHHbIe
BBIDAYKEHHUA IIPH X = —1 OTPHIIATEJBHBI.
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3anmaua 1. Pemurs ypaBHEeHHE

Jx+6-Jx+1=2x-5.
A Bo3Boasa 06e yacTH ypaBHeHHA B KBafipaT, MoJIy4yaeM
x+6-2/(x+6)(x+1) +x+1=2x-35,

oTKyza +/(x+6)x+1) =6.
Bosseaem o6e yacTH nocjaegHero ypaBHeHUA B KBaApaT
x2+ Tx+6=386, mau x2+ Tx—30=0.
Kopnu aroro ypaBuenns x, = 3, x,=—10.
IIpoBepka moKa3sIBaeT, YTO X,=—10 — MOCTOPOHHHUI KOPEHB.
OTrBeT. x=3. A

3amava 2. Pemuts ypaBHEHHE

Vx® +12=1x. 1)

A BosBezeM 06e 4acTH ypaBHEHHA B YETBEPTYIO CTEIIeHb
x2 +12= x4,
orkyza x* - x2 -12=0.
Pemnm 3To GMKBafpaTHOe ypaBHEHHE

oo 1B 127

2 2’
r.e. x2 =4 mm x2=-3.

VpaBreHne x2 =4 uMeeT ABa KOpHA: x = +2. YpaBHenne x2 = -3
He MeeT AeMCTBUTEJbLHBIX KOPHEeM.

Tak KaK npu Bo3BeJeHNH 06enX yacTeil ypaBHeHns (1) B ueTBepTyio
CTeIleHb MOTJIH MOABUTHLCSA IIOCTOPOHHIE KOPHH, TO HYKHO CA€eJIaTh IIPO-
BepKy. Ilpu x = 2 o6e yactn ypaBHenus (1) paBHH 2, T.e. x =2 — Ko-
peub ypaBHeHn (1).

IIpn x = -2 JneBaa yacTh ypaBHeHHd (1) paBHa 2, a mpaBasA paBHa
-2, T.e. x=—2 He ABJAETCA KOPDHeM ypaBHeHHud (1).

OrBeT. x=2. A

3amava 3. Pemuntsh ypaBHeHHNE

Yx®-19=x-1. 2)
A Bo3Bogs o6e yacTi ypaBHEHHUA B Ky0, mosryuyaeM
x3-19=(x - 1)},
OTKyAa
x3-19=(x?-2x+1)(x - 1),
x3-19=x3-3x2+3x—-1, 3x2-3x-18=0, x2-x-6=0.
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Kopnu sToro ypasuenus: x, = 3, x,=—2. [IpoBepka nokassIiBaeT, 4To
00a 3TH 3HaueHN s HEM3BECTHOTO ABJIAIOTCA KOPDHAMH ypaBHeHNd (2).

OrBerT. x,=3,x,=-2. A

HNHoraa npH pelieHUH MPPAIMOHAIBLHOTO YPABHEHUSA I0JIE3HO HC-
NOJIH30BaTh rpad®uKH GYHKITAA.

3amxava 4. BoIACHHUTH C IIOMOILBIO
rpaMKOB, CKOJILKO KOPHEIl HMeeT ypaBHe-

HUe \/; =1 — x2. HajiTn npu6amxeHHbIe
3HAYEHUA 3TUX KOPHEH.
A ITocTponM Ha OZHOM DHCYHKe rpadu-

k¥ pysxmmit y = Vx 1 y=1- x2 (puc. 27).
I'paduKy nepeceKaOTCA B OAHOH TOUKE IIPH
x=0,5.

OrBeT. x=0,5. A

3amaua 5% PemuTb OTHOCHUTEJLHO X YPaBHEHHE

Jx+2-Jx-3=a. 3)

A BosBoaga o6e yacTH ypaBHEHHNA B KBaApaT, 0OJIy4aeM
(x + 2)(x — 8)=a?,
OTKYAAQ
x2-x-6-a2=0,

x =—12-(1+\/25+4a2), x2=%(1-\/25+4a2). (4)

Il IpOBEpKH OT™MeTHM, uTo 25 + 4a2 > 25 u V25+4a% > 5 npn
JI00LIX EHCTBUTENbHBIX 3HaUeHuAX a. U3 ¢popmyan (4) monyuum x, > 3,
x, <2,

IIpu x = x, 06a NOAKOPEHHBIX BRIPAXKeHUA B ypaBHeHNH (3) HEOTPH-
LaTeNbHEI, a IPH X = X, TOAKOPEHHOE BLIDAYKeHHEe BTOPOro KOPHA OTPH-
LATEIBHO: X, —3< -5 < 0. CnenoBaresbHO, X, — TIOCTOPOHHHUI KOPEHb.

I OKOHYATETIbHOM MPOBEPKHU KOPHA X; JOCTATOYHO 3aMETHUTh, UTO
OpH X = X, JieBasA 4aCTh ypaBHeHHU (3) HeOTpUIATEIbHA, CJIeJOBATE/Ib"
HO, IpaBad 4acCTh TaK)Ke NOJIYKHA ObITh HEOTPHUIIATEILHOM, T.€. JOJKHO
BBINOJIHATHCA HEPaBeHCTBO a > 0.

OrBeT.Ecimma=>0, 10 x=

%(1+\/25+ 4a? ); ecau a < 0, To Kop-
Heil HeT. A
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230

231.

232.

233.

YnpaxHeHus

. (Yecmmno.) Pemruts ypaBHEeHHe:

1) Vx=2; 2)Jx="T; 3) ¥Yx=2; 4) Yx=-3;
5) \2x -1 =0; 6) 1-3x=0; T)Yx=1; 8)¥2-x=0.
Pemnts ypaBuenne (231—-240).

1) Vx+1=3; 3) Vx+2=+38-x;
2) Vx-2=15; 4) J4+x=2x-1.

1) 32x+3=1; 3) #1-2x =¥x;
2)M1-x=2 4) Y322 -3 =38x.

1) x+1=+1-x; 2) x=1+Jx+11; 3) Vx+38=+5-x;
4) Vx+4=2x-1; 5) Jx2-23=11; 6) Vx2-x-3=3.

234, 1) Vx-x=-12;  2) x+Jx=2(x-1);  3) Vx?-20=8x;
4)Vx-1=2-3 B)Vx?-5=v1-x; 6) V6+x-2>=1-x.
235. 1) x+3=v33+2%; 4) Br+14-x=8;
2) V% -36,75=x-3,5; 5) V15+x+y/3+x=6;
3) V2x— 34 =1+/x; 6) V3—2x -V1-x=1.
236. 1) Va2 +2+Vx3 +x% =0; 3) Vx—2+1-x=5-x;
2) Vx—2=v1-x; 4) frxt +31+22 =0.
237. 1) V5-x-Jb+x=2; 4) Jx+T+Jx-2=9;
2) Vi2+x-1-x=1; 5) Vx+17 —x-T=4;
3) Vx-2+Vx+6=4; 6) V2xr-15-Vx+16 =-1.
238. 1) V5x-3-v2x-1=3x-2;

239.
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2) V1-2x —-J13+x =Jx +4;
3) Vx-10+/x-3=+/2x+11;
4) JTx+1-V6—x =/15+2x.

1) Yx-2=2; 3) Y2522 144 =x;
2) ¥2x+7 = F3(x-1); 4) x2 =19x2 - 34.



3
240. 1) Yx®-2=x-2; 2) Yx® —5x2 +16x-5=x-2.
241. BBIACHHUTS C IIOMOILLIO I'PaUKOB, CKOJILKO KOPHEil UMeeT ypaBHe-
HHe, 1 HAUTH IpUOIMKeHHble 3HAYeHNA 3THX KOPHeil:

1) Vx - 6=—x% 3) Vx+1 =x2-T;
2) 3x =(x - 1) 4)x3-1=Jx-1.

242* PemnTts ypaBHeHHe:

1) Vax+2V3x2 +4 =x+2  3) Va2 +3x+12-yx2+3x=2;

2) 3-x=19-36x2—5x%; 4) Vx®+5x+10-Vx+5x+3=1.

243*. PemuTs OTHOCUTEJIBHO X CJIeAYIOIlee YPaBHEHHE:

1) Vx+1-Jx-2=a; 2) Vx-Jx+2=a-1.

§ 13. UppaumoHanbHblie HepaBeHCTBA

3amava 1. Crpensba N3 CHOPTHBHOIO MUCTOJIETA IO KPYTJIOH MHU-
IIeHH! AHaMeTpoM 1 M BeieTcAa M3 TOUKH MPAMOI, NEPHeHANKYJIAPHON
IJIOCKOCTH MUIIIEHH ¥ IPOXOAAIIei yepes ee neHnTp. Ha kakoM paccros-
HHH OT MHIIIEHH NOJIXKHA OBITh TOYKA BHICTPEJIa, YTOOBI PA3HOCTH pac-
CTOSIHUIH OT Hee 0 KpasA MUIIIeHH! U [0 IIeHT-
pa On11a He Gosbiire 2 cm?

A Ilyets A — ToOuka BeICTPEJNA, O —
LIEHTP MHUIIIeHH, B — TOUYKa Ha OKPYKHOCTH
mumenu (puc. 28, a). Ilo ycrosuio BO = 50

cm. O6oszmaumm AO = x, TOorma
AB = x? +2500. TTo ycnomio AB — AO< 2,
T.e. Puc. 28, a

Vx? +2500 - x< 2,
Vx? +2500 <x+2. (1)

Tak Kak 1o cCMbICJY 3agauu x > 0, To JieBas M mpaBas 4acTH Hepa-
BercTBa (1) mosoxkutenbHbl. CiiefoBaTesIbHO, 06€ YacTH HepaBeHCTBa (1)
MOJKHO BO3BECTH B KBaipaT, IPX 9TOM 3HAaK HEPABEHCTBA He U3MEHUTCA
M [IOJIYYUTCH PABHOCHJIbLHOE HEDAaBEHCTBO

x2+2500<x2 +4x+4,

oTKyza 4x > 2496, x> 624 cm.
OrBerT. He Mmenbmie 6,24 M. A

5 00%
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B aToif 3asaue npuILIOCH PelaTh HepaBeHCTBO (1), coaepikaiiee He-
HM3BECTHOE IO/ 3HaKOM KOpHs. TaKue HepaBeHCTBAa HA3LIBAIOT UPPAULUO-
HAJbHbIMU.

PaccMoTpuM npHUMephI PellIeHni HPPalliOHAJIbLHBIX HEPABEHCTB.

3amaua 2. PeninTh HepaBEeHCTBO
Vb—x<4. (2)

A Haiigem obsiacTh onpeaesieHNs HepaBeHCTBa (2), T.e. MHOXKECTBO
TaKNUX 3HAYEHWI X, IPH KOTOPHIX MMEIOT CMLICJ 00e 4YacTu HepaBeH-
crBa. IlpaBas yacTh HEpaBeHCTBA ONpe/iejieHa NIPH BCEX 3HAUYEHHAX X,
aJjeBaa — npu 5 — x > 0, T.e. npu x < 5. CnexosaTesbHO, 06J1aCTH OMI-
penesieHnsa HepaBeHCTBA (2) — ayu x < 5.

IIpu x < 5 06e yacTi HepaBeHCTBA (2) HEOTPHUIIATEJILHEI, X [I03TOMY
NpPH BO3BEAEHHUM B KBaApaT 00eHMX MX YacTeil mmojiyyaeTca PaBHOCHJIb-
Hoe (Ha MHOXKeCTBe X < 5) HepaBeHCTBO 5 — x < 16.

Takum o6pa3oM, HepaBeHCTBO (2) PaBHOCHJILHO CHCTEMeE Hepa-
BEHCTB

x<5,
5-x<16.

Pemas aty cucremy, nosydaem —11 < x<5.

OrBeT.-11<x<5. A

Paccyxxnenns, npuBejeHHbIE [IPH DEIIeHNH 3a4a4d 2, MOXKHO IIpO-
BECTH YCTHO U CpPa3y 3alucaTh, YTO HEPaBEHCTBO (2) paBHOCHJILHO CHC-
TeMe HepaBeHCTB

5-x20,
5-x<16.

3anxmava 3. Penmintsr HEpaBEHCTBO

Jx? —3x <2. (3)

A HepaBeHCTBO (3) paBHOCHJIBHO CHCTEME
x2-3x>0,
x%-3x<4. @

Pemras mepBoe HepaBeHCTBO cUCTeMEI (4), moayuyaem x <0, x > 3.
Pemaa BTopoe HepaBeHCTBO cUCTEMHI (4), moayuaem —1 < x < 4. Oba He-
paBeHCTBa cHcTeMul (4) BrInoJHAKTCA npu —1 < x < 0, a TaK)Ke npu
3 < x <4 (puc. 28, 0).

OrBeT.-1<x<0, 3<x<4. A

“ /M\\ N N \@wé(/ 22 Sl

-2 -1 0 1 2 3 4 5 X

Puc. 28,6
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3anxmava 4. PeminTs HepaBeHCTBO
V10+x-2% >2. (5)
A 9T0 HepaBeHCTBO PABHOCHJIHHO CCTEME

10+x-x2>0,
10+x-x2>4.

Tak KaK Ka)XJioe pelleHie BTOPOro HepaBeHCTBa CUCTeMEI (6) ABia-
eTcA pellIeHNeM IePBOro HepaBeHCTBA cucTeMkl (6), To aTa cucreMa paB-
HOCHJIbHA OLZHOMY BTOPOMY HEPABEHCTBY

10+x - x%> 4. @)
CiiepoBaTesibHO, HEPaBEeHCTBO (5) PAaBHOCHJILHO HEpPaBeHCTBY (7).

Perras HepaBeHCTBO (7), mosnyuyaeM —2< x < 3.
OTBeT.-2<x<3. A

(6)

3amaua 5. Peruuts HepaBeHCTBO:
1) V3x-4<-5; 2) V2x% +5x -3 <0.

4
A1) IIpu Bcex JONMyCTUMBIX 3HAYEHUAX X, T.€. IPH X > - 3HAUEHHA
3

V3x—4 HeoTpunmaTensHBI. I103TOMY HepaBeHCTBO /3x—4 <—5 pemie-
HHH He HMeer.

2) HepaBeHCTBO V2x2 +5x — 3 <0 BBINONHSAETCA TOJIHKO TOTAA, KOTAA

\/2x2 +5x—-3=0, T.e.ecnmu 2x2+5x—3=0, OTKyZa X; =—3, X,= ; A

3amaua 6. Pemurs HepaBEeHCTBO

V3x+1<x+1. 8)

1
A O6sacTs onpejesieHNa 3TOT0 HepaBeHCTBa — Jy4d x >—— . Ilpm

3THX 3HAUYEHHAX X IIpaBad 4acThb HepaBeHCTBA (8) mosoxxkurenbHa. Cire-
JI0BaTeJILHO, HEPaBEeHCTBO (8) paBHOCHUJIBHO CHCTEME

3x+120,

3x+1<(x+1)>%
1
Pemas aTy cucreMy, nojsydaeM —5 <x<0,x>1.

OrBeT. —— <x<0,x>1. A
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3anmaua 7. PemuTs HEpaBeHCTBO

Jx+3>x+1. 9)

A OGsacTs onpefiesieHUA 3TOr0 HepaBeHCTBa — Jiy4 x > —3. IIpu Bcex
x > -3 JeBas 4acTh HEPAaBEHCTBAa HeOTpHIlaTe/IbHA, IIpaBasd XK€ 4acCTb
3TOro HEPaBEHCTBAa OTpHIaTesbHA npHu x < —1. [TosTomy Bce 3Hauenus
X M3 IPOMEXKYTKa —3 < X < —1 ABJAIOTCA pelieHnaMH HepaBeHcTBa (9).

Paccmorpum cayuaii, korga x 2 —1. Toraa o6e yacTH HepaBeHCTBa
(9) HeoTpUIIATENbHEI, B I03TOMY 0G€ YaCTH 3TOTO HEPaBEeHCTBA MOYKHO
BO3BOJIMTE B KBAApaT: X + 3 > (x + 1)2. PemenuamMu 3TOro HepaBeHCTBa
ABJAIOTCA 3HAYEHUA X M3 mMpoMexxkyTKa —2 < x < 1. Orcioja, y4nThI-
Basd, 4TO X > —1, mosryuaem -1 <x <1.

Hrak, pemieHnaMu HepaBeHCTBa (9) ABIAIOTCA BCe 3HAUYCHUSA X U3
npomexxyTka —3 < x < 1, a TakaKe u3 npoMexxkyTra —1 < x < 1, T.e. u3
NMpOMeXKyTKa —3< x < 1.

OrBeT. -3< x<1. A

HepagerncTso (9) mpoliie peiaTts ¢ NoOMOIb0 rpadpukos. Ha pucys-

ke 29, a mocTpoeHs! rpadukn pyHKuuii y = Vx+3 1 y=x+1. Us
3TOro pUCYHKa BUAHO, UTO PellieHNAMH HepaBeHCTBa (9) ABJIAIOTCA 3HA-
YeHHNs X U3 IPOMEXKYTKa -3 < x < 1.

3anmaua 8.C nomousio rpadMKOB PELINTH HEPABEHCTBO

\/;<2—x.

A Ha ogHOM pHCYHKE NOCTPOHMM rpadmiKm GyHKIHUHA y = \/} u
Yy =2 — x (puc. 29, 6) 1 BLIACHHAM, IIPH KAKNX 3HAYEHUAX X TOUYKH rpadu-

Ka QYHKIIHH I = /x JIeXKAT HIKe ToueK rpaduka dyHKumu y=2 — x.
W3 pucysHka BUAHO, YTO 3TH IrpadHUKH IlepeceKaloTcsa B OAHOM TOY-

Ke, abcIcca KOTOPOi ABIAETCA KOPHEM YpaBHEHHA Vx =2 — x. 9TOT
KopeHb x = 1.

_v‘ o y A

y4 x*\'?) yz\/;

a) 0)
Puc. 29
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I'padmk pysHKIINYN Yy = \/; JIEKHUT HUXKe rpaduka QyHKIun y =2 — x
npu 0<x < 1.
OrBeT.0<x<1. A

3amava 9. PemiuTh HEpaBeHCTBO

V2x? —5x-8>x-1. (10)

A HaiineM 06;1aCTh OIIpeieIeHUs 3TOr0 HEPABEHCTBA, T.€. PeIlIM Hepa-
BeHCTBO 2x2 — 5x — 3 > 0. Tax Kak KOPHAMHM ypaBHeHHd 2x2 — 5x — 3 =0

1
ABJIAIOTCA YUCNA X, = —— , X, = 3, TO HEPABEHCTBO 2x2 — 5x — 3> 0 BBI-
2

1
MOJIHAETCA IPH X < —5 u upu x > 3 (puc. 30).

TaxuM 06pa3oM, AJIA pellleHns HepaBeHCTBA HaJ0 BEIOUPATh TOJIBLKO
TaKHe 3HAUYeHUS X, KOTOPhIe IIPHHAJJIEKAT ero 00J1aCTH onpee/eHns.
1) Ecimt x — 1 <0, T.e. x <1, To U3 3TOro NPpoMeXKyTKa 00J1aCTH

1
omnpenesenus HepaBeucTBa (10) ya0BIETBOPAIOT TOJBKO YHCJIA X < —5
(puc. 31).

- Lu —

3 X 1 1 X

N —

Puc. 30 Puc. 31

2) Ecau x -1 > 0, T.e. x > 1, To, Bo3BOAA 00e YaCTH HEPaBEHCTBA

(10) B kBagpar, nosydaem
2x2-5x -8 >x2-2x+1,
OTKyZa
x2-3x-4>0.

Tak Kax KOPHAMHE ypaBHeHHA x2 — 3x — 4 = 0 ABIAIOTCA UMCIA x,=-1,
X, =4, TO HePaBEHCTBO x% — 3x — 4 > 0 BLEINOJIHAETCA IIPA x,<-1,x,>4.
M3 3THX ABYX IIPOMEXYTKOB 06JIACTH ONpeJesieHns HepaBeHCTBa U yC-
JIOBHIO X 2 1 yAOBJIETBOPAIOT TOJBLKO YHCJIa X 2 4 (puc. 32).

OTsBer. x<—é, x>4. A

4 A

I 3 4 X
Puc. 32
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3amava 10*. PemnTh OTHOCHTEJLHO X HEPABEHCTBO

V2ax-x?>a-x, (11)

ecima > 0.

A Haiizem 06J1aCTh OnIpeieIeHuA 3TOr0 HEpaBeHCTBA, T.€. PEIlINM He-
paBeHCTBO 2ax — x2 > 0. Tak Kak KOPDHAMM ypaBHeHuA 2ax — x° = 0 aB-
aaiorea yucaa x; =0, x, =2a u a > 0, To 0671aCTHIO ONIPE/ie/ICHUSA HE-
paBencTBa (11) aBnserca npomMexkyTok 0 < x < 2a.

1) Ecma — x <0, T.e. x > a, TO U3 3TOr0 NMPOMEKYTKAa 00J1aCTH OII-
penenenus HepaBeHcTBa (11) y0BIeTBOPAIOT TOJIBKO YKCIa a@ < X < 24.

2)Ecima — x 2 0, r.e. x < a, TO, BO3BOAA 00€e YaCTH HepaBeHCTBa
(11) B kBagpaT, moJy4yaem

2ax - x2 > (a - x)?,
OTKYyZa
2ax— x% > a?- 2ax + x2?,
2x2 — 4ax +a%<0.

Tak Kak KOPHAMH ypaBHeHHdA 2x2 — 4ax + a = 0 gBiAIoTCA UHCIA

x,=2@2-42), x,= 2(2+«/§) u a > 0, To HepaBeHcTBO 2x2 — 4ax +a? <0
175 275

BRINOJIHAETCA IPH %(2— J2)<x< §(2 + \/5) . U3 atux suauenmii Hazo

BHIODATh Te, KOTOPhIE IPHUHAAJEKAT 00J1acTH onpejesieHNs, T.e. Ipo-
MexKyTKY 0 < x < 2a ¥ yIOBJIETBOPAIOT YCJIOBHIO X < @, T.€. U3 IIPpOMe-
xkyTKa 0<x<a (puc. 33).

2-2
2

Tak xkaxk 0< <1, >1, To U3 pucyHka 33 BHAHO, UTO

2+2

2
B 3TOM CJiyuae pelieHHaMH HepaBeucrtBa (11) ABasrmTCcA umcia
g(z—ﬁ)gma.

O0beanHana o0a cayuyas, mojaydaeMm

g(z-ﬁ)<x<2a. A

[ luwwan N

0 ge-2) ¢ g2y ¥

Puc. 33
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YnpaxHeHus

244. PeninTs CHCTEMY HEPABEHCTB:

245.

246.

247.

1) (2x-1>0,
x+1>0;

2) (3-x<2,
2 +1<4;

3) [x2-1>0,
x>2;

4) |9-x%<0,
x+5<0.

Peumnts HepaBeHCTBO (245—250).
1) Vx>2; 2) Vx <3; 3) ¥x>1;
4) 2x <3; 5) V3x >1; 6) V2x <2.

1) Vx-2>3; 2) Jx-2<1; 3) V3-x <5;
4 Vi-x>3; 5)V2x-3>4;  6) ,/x+1>§;

7 V3x-5<5 8 \/4x+5<%.

) Vx2-1>1; 2)
4) V25-x% <4; 5)
7 V1-x+22 >—:—13;

Vi-2% <1; 3) V25-x% > 4;
Vx?-8x>3; 6) \/3x2—26x—1>2x/§;
8) V¥ -3x-4<-2.

248. 1) \/2x2 +3x-2>0; 5) Va2 +2x >-3-x%;
2) V2+x—2%>-1; 6) Vax—x% >-2-3x%;
3) V6x—x2 <\/5; 7) Vx? —3x+2<-1-2x%;
4) Jx? -2 >2; 8) Val—x-2>-1-22
249. 1) Vx+2>4-x; 5) VBx+11>x+3;
2) V3+2x >Vx+1; 6) Vx+3>x+1;
3) V2x -5 <Bx+4; 7) V2x—7</6x+13;
4) 3x—-2>x-2; 8) V3—x <v/3x—5.
250%. 1) Jx+1-vx <Jx-1; 2)Jx+3 <T—x+10-x.
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PeniuTs HEPaBeHCTBO, HCIOJIBL3YA rpaduKu GyHKIM (251—252).
251. 1) Vx > x; 2) Jx < x; ) Vr>x-2  4)Jr<x-2.
252. 1) Vx<2x; 2)JVx>05x 3)Jr>2x-1, 4) Jx >«

253*. Penruth HEpaBEeHCTBO:

1) Vvx-1<a; 2) V2ax-x®>a-x, ecima<o.

YnpaxHeHus K rnase lil

254. N306pasuTh cxeMaTHUeCKH rpaduK QYHKIIUH, yKa3aThb ee 00J1aCTh
ompeje/ieHUA U MHOXKECTBO 3HAUEHHUI:
1

)y=x7; 2)y="15 3)y= x2%;

_(1Y. _ 2 3
4)y_ 5 ’ 5)y_x ’ 6)y_x .
255. Ha oqHOM pHCYHKe MOCTPOUTH rpadukn pyHknmii y = x2 u y = 2%,
3
CpaBHHUTE 3HaYeHnd 9TUX GpyuKumii npu x =0; 0,5; 1; 5 ; 2; 3; 4; 5.

256. PacroJioyKUTh YKCJIa B IOPAJKE BO3PACTAHUA:

1)0 31: 0305 3 0331415

2) J2"; 1,97 [ ]

2,1
3)52 507 53 ( )

2 2 2
4)053, 1,33; m3; J2 3.

257. PeliuTs ypaBHEHHE C IOMOIIbIO I'PaUKOB:

1) Yx =81 2)x 2= Y—x.

258. Haittu 06s1acTh onipefiesieHusa QYyHKITAN:

1) y=3—x; 3)y=(8x2+1)%
3
2) y=(2-2°); 4) y= 372,
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259. HaiiTn ¢yHKIHI0, OOPaTHYIO JaHHOI, ee 00JI1aCTh ONIpeieIeHUA U

MHOXKECTBO 3SHAYEHHH:

1)y=0,5x +3; 2)y=i3; 3y=(x+2)% 4)y=x>-1.
x_

260. N306pa3uTts rpaduk GyHKIUN, 00paTHOM K GyHKINH Y = f(x), rpa-
(UK KoTOpOii n300pakeH Ha pUCyHKe 34, a n 0.

yk

1+---

y=fx)

y
y=fx)

a)

261. BLIACHUTE, ABJIAIOTCA JI1 PABHOCHJIbHBIMHA YPAaBHEHUA:

=

X 0 1
6)

Puc. 34

1) 97H3% _ 92 x%+38x=2;

2) Vx2+3x=v2 u x2+3x=2;

3) Yx-2=43-x n x-2=3-x;
4) Yx+18=%2-x n x+18=2-x.

262. Pemnuth ypaBHEHHE:

1) V3-x=2;

2) V3x+1=8;

3) V3-4x =2x;

4) \/5:)c—1+3:)c2 =3x;

263. Perinths HEPaBEHCTBO:

1) Vx-1>1;
2) J1-x<3;

5) V2x-1=x-2;
6) V2-2x=x+3;
T ¥x%-17=2;

8) Yx2+17=3.

3) V2—x<x;
4) J8+x>2x.
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NPOBEPb CEB{i!

1. HaitTi 061aCTH OnIpeieIeHUA QYHKIAH:

1) y=3(x-1)3 2)y=Yx2-3x-14.

2. ITocTponTs rpadMK QYyHKIIHHA:
4

Dy=3x+1; 2)y=2x2; 3)y=—xz—.

JaA Kaxaoi QyHKIMHA YKa3aTh 00J1aCTh ONpee/IeHus U 3Haye-
HUA X, IPXA KOTOPHIX y > 0.
3. Pemrnts ypaBHeHHe:

1) Yx-3=5; 2) V3-x-x% =x.

4. PeninTh HEPaBEeHCTBO:

1) V2x+1<1; 2) Vax?-1<x.

264. Ha oxHOM pHCYHKe M300pa3sHTh CXeMATHYeCKH rPaduKH QYHK-
1107%1%
Dy=vx®,y=xJx,y=x"1
2)y=x, y=2%7, y=21
3)y=x 15, y=x 12 y=x 21,

V2 V5

Y)y=x 2, y=x",y=x"".
265. fIBnaoTca 1u 3aJaHHbIe GYHKIMKA B3AUMHO OOPaTHBIMH:
1) 10-3x 4x+10
y x—4 y x+3
3x-6 6-x
2 = = M
W= 31 MY 3 s

)y=51-x)'uy=5-x) x4
2-x 2(x-1)

Yy=— =—2

)y 2+x " 1+x

266. Haittu pyHKIIMIO, OOPATHYIO JaHHOI, ee 06JIaCTh OIpeie/IeHNna U
MHOK€ECTBO 3HAYEHHUI:

Ny=2+Jx+2; 3)y=+3-x -1;
2y=2-Jx+4; 4)y=+1-x +3.

Pemnts ypaBaenue (267—268).
267. 1) Vx-4=Jx-3-2x-1; 3) Vx-3=V2x+1-Jx+4;
2) 2Jx+3-v2x+7 =x; 4) JO-2x=2/4—x - 1-x.
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268*.1) Vx+4-34x+4+2=0; 3) S1—x-531-x=-6;
2) Vx-3=38¥x-3+4; 4) x? +3x+vx?+3x=2.

Pemnts HepaBencTso (269—270).

269. 1) Vx+1l<x-1; 3) V3x-2>x-2;
2)JVl-x>x+1; 4) J2x+1<x+1.

22-13x+40 J2xi+T7x-4 1
270%. 1) 222+ <o ) VeX T1x—2
J19x- 2278 x+4 2

271%*. IIpn pa3,TMYHBIX 3HAUEHUAX G PELINTH HEPABEHCTBO:

1) Vx-2+J/x-6<a; 2) 2x++va%-x% >0.

UcTtopuuyeckan cnpaska

Yuenue o cTeneHHHIX PYHKINAX Pa3BHBAJIOCH IIaPaJLIeJILHO C pac-
IIMPEHHUEM IOHATHA CTeleHN (HaUMHAaA CO CTeNeHel ¢ HaTypajJbHbIMHA
MoKa3aTeJldMH U 3aKAHUYNBAA MOHATHEM CTEIEeHH C JIOObIM HeiicTBH-
TeJbHBIM NOKas3aTeseM). Tak, papescteoM a’ = 1 (rze a # 0) monb3oBa-
ca B Hauase XV B. camapKaHACKHi yuyeHnit an-Kawu. B XV ke Beke
tdpannysckuii maremaTuk H. IIl10ke BBeJI NOHATHE OTPHIIATEIHLHOTO 110-
KazaTesa creneHu. nea BBegeHNa JPOOHLIX MOKasaTesiell BCTpeuaeT-
ca eme B XIV B. B paborax ¢dpannysckoro yuesoro H. Opema, rae B cjo-
BECHO# (hopMYJINPOBKE OH OIIMCAJI IIPaBUJIa AeiCTBUI CO CTENEHAMU.

CoBpeMeHHYI0 CHMBOJINKY CTEIIeHel C HyJIeBhIM, OTPHIIATEILHBIM B
IPOOHBIM ITOKa3aTeJIAMM Ha4aJl UCII0JIb30BATh aHTJIMICKUI MaTeMaTHK
H. Banauc (1616—1703), a 061menpruHATON! 3Ta CHMBOJIMKA CTaJIa 110C-
Je yrnorpebsienus ee H. Hoiomonom (1643—1727) B cBoux paborax.

B mayane XVII B., B pe3yspTaTe OTKPLITHA MEeTOAa KOODAWHAT M
aHAJIMTHYECKOU reOMEeTPHUH, IOABUJINCH rpadYecKuil MeTO I MCCIe0-
BaHMUA QYHKIMA U rpadudecKnii criocob pelreHns ypaBHeHU.

Hs0TOH Ha3bIBaJ Bce KPUBEIE, 3aJlaBaeMble QYHKIIeH

y=ax+bx?+cx3+... +px",

napa6onruyecKumu Kpuebimu, XOTA TDAANIMOHHO BCe XKe 3THM TepMH-
HOM Ha3bIBAIOT rpadMKu GyHKIUH

y=cx™,
I'Zie ¢ — IOJIOMKHUTEJILHOE NeHCTBUTEJIBLHOE YHCJIO, M — MOJIOXKHUTENIbHOe

panuoHasibHOe yncsio. Ecau m < 0, To rpadpuku GyHKOuUi y = cx™ Ha3kI-
BAIOT 2UNEPOOAULECKUMU KDUBLIMU.
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cnazalV ] [ JIOTAPUOMUYECKAS DYHKUMS

§ 14. Jlorapuodpmb!i

3anmaual. HaiiTi nosI0KHTENbHBIH KOpEHb ypaBHeHus x4 = 81.
A Tlo onpegenennio apupMeTHIECKOr0 KOPHA UMeeM

x=‘\‘/—8—=3. A

3anmaua 2. Pemuts ypaBuenue 3*= 81.
A BanumieM JaHHOe ypaBHeHHe Tak: 3= 3%, oTkyna x=4. A

B 3asaue 1 HeM3BECTHBIM ABJSETCA TOJHKO OCHOBAHHE CTEIEHH, a
B 3ajlaue 2 — MoKa3aTeJb CTEIeHH.

Croco6 perreHuA 3aauu 2 COCTOAJ B TOM, UTO JIEBYIO M IIPABYIO Ya-
CTH YPaBHEHHH YAAJIOCH IPEACTABUTh B BUJE CTEIIEH! C OXHUM U TEM JKe
ocHoBaHmneM 3. Ho y:ke, Hanpumep, ypaBHeHue 3* = 80 TakuM cmoco-
O0oM pemuTh He yaaerca. OgHAKO BH 3HaeTe, YTO 3TO YPaBHEHHE NUMEET
KopeHb. UTOOBI yMeTh peliaTh TaKne ypaBHEHHHA, BBOAUTCA IOHATHE
Jozapupma wucara.

B § 5 6n110 CKa3aHo, uTo ypaBHenne a*=b, rae a>0,a#1,b> 0,
MMeeT eJNHCTBEHHBI! KOPEeHb. ITOT KOPEHb HAa3bIBAIOT JIOrapHMOM
uymucyaa b mo ocHOBaHUIO @ U 0603HayawT log, b. Hanpumep, KopHeM
ypaBHenus 3* = 81 asnserca uucio 4, T.e. log, 81 =4.

Jlozapupmom noaoxumenvrozo wucaa b no ocnoganuw a, rae
a>0, a # 1, HaseIBaeTCA NMOKa3aTeJIb CTENIEHN, B KOTOPYIO HA/O BO3-
BECTH YHCJIO @, YTOORI MOJYUYHUTH b.

1 1
Hanpuwmep, log, 8 =3, Tak kak 23=8; log, 9= —2, Tak Kak 372= 9’
log,7=1, rak kak 7' =7, log,1=0, rak kak 4°=1.
Onpedenenue n02apupma MOHCHO KPAMKO 3ANUCAMb MAK:

aloga b =b.

3To paBeHCTBO crnpaBeaJuBo npu b > 0, a > 0, a # 1. Ero o0s14yHO
Ha3BIBAIOT OCHOBHbLM JI02APUDPMULECKUM MOKNIeCMEoM.

log, 3 loga S
Hanpuwep, 4'%4° = 5; (;) 3 =313 4 =g,

C noMOIIbI0 OCHOBHOT'O JIOTapU(MHUYECKOT0 TOMJECTBA MOMKHO II0KA-
3aTh, HANIpUMeED, uTO X =log, 80 aBnsAeTca kopHeM ypaBHenus 3* = 80. B

camom zexe, 3'°8380 _gp,
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Tak kak 64 =26, 128 =27, 7o 26*=27, oTkyna 6x=7, x= -

3anmaua3. Buruucaurs logg, 128.
A O6o3naumm log,, 128 = x. Ilo onpenenenuio norapudma 64* = 128.
6"
7
Orser. logg, 128= 5

3anxmaua4. Boluuciauts g 2loes5
A Ucrionb3yst CBOMCTBa CTEIIEHH X OCHOBHOE JIOTapu(pMUyecKoe TOXK-

AeCTBO, HAXOANM

3—210g35 (3log35)—2 5_2 215 A

3anmauab. Pemuuts ypaBrenue logg (1 — x)=2.
A Tlo onpegenennio norapudma 32=1— x, oTkyna x=—8. A

x-1
3anaua6. [Ipn kakux 3HaAUEHHAX X cyIIecTByer log, 2% ?

A Tak xak ocuoBaumue jorapudma 5 > 0 u 5 # 1, To maHHHI Jora-
x-1

pHu(M CyIECTBYET TOJIbKO TOrAa, KOrAa 5_,. > 0.

272.

273.

274.

275.

x
Pemiasa 3To HepaBeHCTBO, HaX0AUM 1 <x < 2. A

YnpaxHeHuUs

Haiitu log, x, ucxoas us paBeHcTBa x = a¥ (272—-273).

1
1) x=27, a=3, y=3; 3) x=9, a=3, y=-2
1 1
2) x=625, a=5, y=4; 4) x=2, a=g, y=-73.
)x=4, a=16, y=; 3)x=7, a=7, y=1;
2
2)x=9, a=27, y=5; 4) x=1, a=16, y=0.
IIpoBepuTh CripaBeAINBOCTL paBeHCTBa (274—276).
1
1) log,, 225 = 2; 3) log, 543 =-5;
1
2) 10g4 256 = 4; 4) log7 Q’s" =-3.
1) logi 64 =-3; 3) logl 2_'? =3;
2) log; 81 =-4; 4) logl — =6.
3 5 64
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w

276. 1) log,;1=0; 3)log,; 64 = 59
2
2)log, 7=1; 4) log,, 9= 3
277. HaiiTi jjorapudMbI Y¥MCEJI 10 OCHOBAHMIO 3:
11 g 1
3; 9; 27; 81; 1,3 o 243,J§,3J§,9$’§.
Broruucuants (278—285).
278. 1) log, 16; 2)log, 64; 3) log, 2;
1 1
4) log, 1; 5)log, 27 6) log, 8"
279. 1)log, 27; 2) log, 81; 3)log, 3
1 1
4)log, 1; 5) log, 9’ 6) log, 3
280. 1) logl 35 2) log_; 4; 3) log, 5 0,125;
1 3
4) log0_5 35 5) logO’5 1; 6) log% 2.

1 1
281. 1)log;625;  2) logs216;  3)log, ig; 4)logy 155 -

282. 1) log; 125; 2) log; 27; 3) log, — 4) log; 36.
5 3 N 64 5
283. 1) 3°6s1%;  2) 5616, 3) 10°e0%; ) (71) i
6log; 2
284. 1) 3510g32 ; 2) (%) 2 ; 3) 0,3210g0'36; 4) 7210379
285. 1) 8%, 2) 9% 3)1vMT;  4) 0,125,
286. Pemrnts ypaBHeHHe:
1) logg x = 3; 2)log, x=4; 3) log, (5 — x) = 3;

4)log, (x +2)=3; 5)logl(x—%)=—2; 6)log; (0,5+x)=-1.
4 6

287. BulaCHUTD, 1PN KAKUX 3HAYEHUAX X CYIIECTBYET JiorapudmM:

1
1) log% 4 - x); 2)logy , (7 - x); 3) log, T ;
5
4) logg P 5) log; (-x?); 6) log,, , (—2x3).
1
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288.
289.
290.

291.

292.

293.

294.

295

296.

297.

Borunciants (288—294).

1 i
1) log, ¥2;  2) log, 3 Dloges i Dlogr g
1) log,, 64; 2) log,, 243; 3) logg, 27; 4) log, .4 8.
1

1) log s ——; 3) log, 2535;

3 393 i

1

2) log r ——; 4) log , 6%/36.

V5 2545 i
1) log,, (0,01); 3) log,, (10¥100);
2) logyy - 4) log,, (100¥10).

1 -logg 4
1) (0,1)8u03;  2) 107804 3) 57w 4) (g)
1
—logg 4 -5logs 3
2logz 5 , 1)2 . (l) .

1) 92lo8s3 2 (3] (3]

—4log‘15 1+2log; 3
421 o 5) 10°~\o8105 ; 6) (%) : .

1

1) log, log, 81; 4) 3 log, log, 8;
2) log, log, 8; 5) log, log,, 256 +log, /2 ;
3) 2log,, log,, (1000); 6) 3log, log, 16 + log; 2.

. Pemuts ypaBHEHHE:

1)log, 27 = 3;

4)log, 5 =—4;

2

1
3)log, V5 =3

6) log, 8 = —0,6.

1
2) logx 7 =-1;

5)log, (v3)’

—_ .
- b4

2

BHIACHUTH, IPH KaKNX 3HAYEHHUAX X CYILIeCTBYeT Jorapupm

(296—298).
1) logg (49 — x2);
2) log, (x%+ x — 6);

1)logy (x2+4 x +4);

3) log, (2 — x — x?);
4) log, (x% - 3x + 2).

4) log; (6 x - 10 - x?);
1

2) log, (%ﬁ +x+1]; 5) logy (x?+4);
5

3) log, (6x — x2 - 9);

6) log, (2x% - x + 10).
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2x+4 4-x

x 2—-x
298. 1)logy 5 5—; 2)logy, ——; 3)logys — —3 3 4)logg 55 -

Pemnts ypasuenne (299—-303).

299. 1) log 5 (2x - 1)=4; 2) log ; (3x - 4)=6.
300. 1) 2% =5; 2)(1,2=4;  3)3%=10; 4)23%=3,
301. 1)42++3 = 5; 3) (1,3)%*2= 3;
1 5+dx

2) 71-2% = 2; 4) (5) ~1,5.
302. 1) 725+ 75— 12=0; 5) 25¥+ 2. 5% — 15 = 0;

2)9* - 3%~ 12=0; 6) (1)1—5(1)x+6=0;

9 3
3) 16% — 4*+1 — 14 = 0; 7)9x+1 gl g _g;
4) 8++1 — g2x-1 - 30; 8) 647 — 81 = _15,

303*. 1) (3*+2*)(3*+3-2*)=8 - 6*;
2)(3-5*+2,56-3%*)(2-3*-2-5%)=8-15".
304%, BHIACHNTH, IPH KAKNX 3HAUYEHUAX X HMEIOT CMbBICJI BRIDAYKEHUA:
1) log (2x - 1); 3) log(x+1)| x-2;
2)log, , (x+1); 4) log| 2| (1-x).
305*%*, HaitiTi Bce 3Ha4eHUA @, IPA KOTOPHIX YPaBHEeHHE
9*+9a(l—a) -3*2-a3=0
HAMeeT KOPHH, ¥ PEIINTh 3TO yPaBHEHHe.

§ 15. CeoiicTBa norapu¢dpmos

IIpu BrIOSIHEHNH MTPeoOpa30BaHMU BRIPAXKEHHU, COAEPKAIINX JIO-
rapu¢msbl, MIPH BEIYMCIEHUAX M MPH PElIeHHN YPaBHEHHUI 4acTO HC-
MOJIL3YIOTCA Pa3HBIE C80iicmaa 102apugmos. PaccMOTPUM OCHOBHBIE U3
HHX.

IIyctba >0, a 21, b>0, ¢ >0, r — a060e AHCTBUTEILHOE YHC-
J0. Torga cnpaBegINBEI GOPMYJIBI:

log, (bc) =log, b +log, c, 1)
b

log, P log,b—1log,c, (2)

log, b"=rlog, b. 3)
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O ITo ocHOBHOMY JIOrapHIPMHAYECKOMY TOMKAECTBY

a%b _p (4)
a8 =¢, (5)
1. ITepemuoskas paBeHcTBa (4) u (5), mosyuyaem

aloga btloggc _ be

b

OTKYyJa 110 onpeziesiennio jorapudma log, b + log, ¢ = log, (bc). Popmy-
aa (1) noxkasana.

2. Paspenns paBenctsa (4) u (5), moaydnm

aloga b-loggc _ 2 ,

(4
OTKY/ia 110 OIpefie/IeHUIO Jorapudma ciaenyer ¢gopmy.a (2).

3. Bo3BozsA 0CHOBHOE JIorapudMIYecKoe TOXKIECTBO d

logab _ p g cre-
[eHb C II0Ka3aTeJEM I, [I0JydaeM

ar logg, b — br’

OTKY/a II0 OIpeieIeHNIo Jjorapudma ciaeayer ¢dopmya (3). @
IIpuBenem npuMepsl IpuMeHeHNs dopmy (1) — (3):
1) log, 18 +log, 2 =log, 36 = 2;

2)log,, 48 — log,,4=10g,,12=1;
logg4 _ logg4
3) —=5=

=T.

o

logs 47 7 logs 4

1
3angaua 1. Boruncanrs log, /3 — 2 log, 12 +log, 50.
A Ilpumensasa dopmyasl (1) — (3), HaxoxuM

1 J3-50
log, /3 — Elog5 12 +log, 50 = log, ‘\/1—“; =log, 25=2. A

3anaua2 Jloxkasath, utroecima >0, a #1, b>0,p #0, T0
1
logap b= ;loga b.

A Ilycrs logap b = x, Torga no onpeaeJsieHuIo Jorapudma b = af*, a

log, b = log, a”*, no ceoiictBy (3) log, a?* = px - log, a = px, cnenosa-

1
TesbHO, log, b=p - log‘ap b mwin logap b= ;loga b. A

4-10. M. Konarus, 10 xi.
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YnpaxHeHusa
Briuncants (306—310).

306. 1)logg 16 +logg 4; 3) log,,2 +log,, 72;
2) log, 8 + logg 27 ; 4) log, 6 + log, g :
307. 1) log, 15 - log, 1. ; ) log, 54— log; 2;
2) log, 75 — log, 3; 4) logg flé - logg 32.
308. 1)log,, ¥169; 3) log, 4243 ;
3
2) log,, f’/ﬁ; 4) log, Q/Tng .

309. 1)logg12 - logg 15 + logg 20;
2) logy 15 +1og, 18 — log,y10;

3) 5 log, 36 - log, 14 - Blog, ¥21;
4)210g, 6 - - log 400+ 3log, Y45 ;
3 3 3

2
5)410g1 3- 3 lOgl 27—210g1 6;
2 2 2

2 3
6) 3 log,,0,001 + log,, ¥1000 - & log, v10000 .

log; 8 | log; 36 —log; 12
310. 1) log; 16’ 3) log; 9 ’
log; 27 | log; 8
2 logs 9 ’ 4) log; 15—-log; 30
311. Haiitu x no naHHOMYy ero jorapucdpmy (a > 0, b > 0):
1) log, x =4log,a + 7 log, b; 3) log, x =§ log, a—é log, b;
2 2 2
2) log, x = 2log, a - 3log; b; 4) log, x = log; a+ 7 1og; b.
3 3 3
312. Bripasurts log, x uepes log, a, log, b, log, c,rrea >0, b>0,c>0:
332
a
1) x= a3h2Jc; 3)x =——;
‘ %= e
a3 4=
2) x= e 4)x= s
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Briuncants (313—-315).

1
log, 24— ~-1log, 72 log. 4 +1 10
313. 1) 2 3) log, 4 +log, V10,
log, 18—glog3 72 log, 20 + 3log, 2
1 1
log, 14— -log, 56 3log,; 2——1log, 64
3 2
2) 1 ; 4) 1 .
logg 30— 2 logg 150 4log; 2+ 3 log; 27

314. 1) 36'%665 . 10! 1og02 _glog23,

l—llog 4
2)[814 2 425"ezb | 4gloe 2

1
Zlogg 3+31] 5
3) 16110845 | 42 82 =ToI0882,

’

1
—log7 9-log; 6 -
1) 72-(492 T s 10%4}

1
315. 1) logys 2~ 5 logs 3;

2) 2log,, 30 + logo,2 6;
3) long 7 +loggy 25 +logg, 16 —log, 1470;

4) log ,, 0,64 +log,,, 0,16 + logm V20,
316. BripasuTs AaHHLIH JJOrapu@M 4yepes JIorapudmM ¢ OCHOBaHNEM 2:
1) log, 7; 2) logl 5; 3) logﬁ 15; 4) logg 0,1.
2
317. OHokasate, uronpua >0, a #1, x> 0,p # 0 cnpaBeaiusa
¢opmyia
log , x* = log, x .
318. BriumcianTs:

log, 8 log, 7 -3log, 17
1) 210g23 . 2) 21_7 . 3) % . 4) 16 .
10g4 9 ’ -3 logl 2 ’ l°g25 49 ’ 10g0.25 17

3

319. BripasnTs uepes a u b:
1) log ;5 50, ecam log, 15 =a, log; 10 = b;
2) log, 1250, ecnu log, 5 = a.
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320. Toxasarp, uronpua >0, a #1, x, #0, x, #0 cnpaBenINBLI
dopMy.bI:
1)log, | x,x,|= log,| x, | +log, | x,;

X

2) log, % = log, | x, | +log, | x,|.

321. Pemruts ypaBHEHHE:
1) logxz 9+ log& 4=2;

2) logxz 16 - log& 7=2;
3) log% 5+ logxz 64=3;

1 1
4) 2 logx = Elogxg 16 + ZIOg\/; 64 = 2;

1
5) logl 5+log,; 12+ Elogx3=1;
x 2

X

6) 2log, 7 log, 3- log, 28=1.
2 OBx +

§ 16. lecaTU4HbIe U HaTypanbHbie norapudmol.
®dopmyna nepexopa

Jns JorapudMoB UYices COCTaBJIEHEI CeNabHbIe Tabaunkl (maob-
auybt nozapugmos). JlorapuhMsl TaKKe BRIYUCIAIOT C IOMOIIBIO MU-
KPOKaJIbKYyJAaTOpa. I B TOM B B APYroM cjydae HaXOQATCA TOJBKO de-
CAMUYHbLE NI HAMYPAlbHble J02apUPMmbL.

Hecamuyunvim nozapugymom dmcia HA3BIBAIOT JIOTapM(M 3TOro
4ucia no ocHoBaHuio 10 u numyT lg b BMecro log,, b.

Hamypanvhvim nozapugmom 4ucaa Ha3BIBAIOT JOrapudM 3TOro
YHCJIa 10 OCHOBAHHIO €, TAle ¢ — HMPPAIMOHAJIBLHOE YHNCJIO, MPUOIH-
skeHHO paBHoe 2,7. IIpu aTom nuiuyT In b BMecTo log, b.

HppanmnoHajibHOE YHCJIO € HT'PaeT BaKHYIO POJIb B MaTeMaTHKe U ee
NPHIJIOKEHUAX. YHUCII0 ¢ MOXKHO ITPEACTaBUTH KaK CYMMY
1 1 1 1

e= —+— eoe oo o
L itisties t1es ot

Buviuucaernue wucaa e Ha MUKPOKALbKYAAMOPE TPOBOLUTCA IO IIPO-
rpamMmme

1 2,7182818.
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OTmMeTHnM, 4YTO B 3amucH yucja e =~ 2,718281828 mocae nepsoro ge-
CATHUYHOro 3HaKa 7 JBa pa3a OAPsAL 3anucaH rog poxxaenus JI.H. Tox-
cTOrO.

Brruncienus Ha MEKpPOKaNbKyasaTope 1g b u In b npoBoasaTca coor-
BeTCTBeHHO 1o nporpammam (ecau Ha MK ecTsb clienuajibHBIE KJIABUIIIN
F,lg uln):

b[Fl[le] = o[F

Hanpumep, Beiuucansd lg 13, noayuaem

13 1,1139433;

BeIYMCaAA In 13, monyuaem

13 2,5649493.

Oxa3sbIBaeTcs, 4YTO AOCTATOYHO 3HATH 3HAYEHUS TOJBKO AECATHUUYHBIX
WY TOJBKO HATypaJIbHEIX Jorapu(hMOB Yuces, YTOOLI HAXOAUTH JIOTa-
pudMBI yuces 1mo Ji06oMy ocHoBaHUIO. [{JIsA 3TOr0 UCIONb3yeTcs ¢op-
Mmyaa nepexoda ot jJorapudma 110 OZHOMY OCHOBaHUIO K JIorapudmy no
JIPyroMy OCHOBAHUIO

log, b= 1282, (1)
log,a

raeb>0,a>0a #1, ¢>0, c#1.
Hokakem cnpaseganBocTb hopMyasr (1).

logg b
O* BamuIneM OCHOBHOe JorapuMuuecKoe TOKAECTBO a o’ = b,

BoabmeMm oT 06enx ero yacreit Jorapugmel 10 OCHOBAHHIO C
logg b _
log. a™*" =log, b.
Hcnonbays cBoilcTBO JJorapu(dma creneHu, nojydaemM

log. b

. @
log,a

log,b-log,a =log.b, orkyna log, b=
W3 ¢popmyast (1) npu ¢ = 10 u ¢ = e moayyaTcsa GoOpMyJabl IIepexo-
Ja K JeCATUYHBIM U HATYypPaJIbHBIM Jiorapudpmam

Igb Inbd
logab—lg—a, logab—m. (2)

M3 roii xxe dpopmyarl (1) crenyer dopmysa

1
logab= I‘E;. (3)
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3apgaua l. C nomoubio MEKpPOKaIbKyaAaTopa MK-54 BeluncanTts
log, 80.
A 1) C noMoIIb0 JeCATUYHHIX JorapudMoB

80 3 [£] 3,9886927.

2) C noMoLIbIO HATYPAJBHBIX JIOTapU(MOB

80 3 [+] 3,9886928.

OrBerT. log,80=~3,99. A

dopmyna nmepexoza OT OZHOTO OCHOBAHHUSA Jiorapudma K Apyromy
HCIIOJIb3yeTCsA UHOrAa npM pelnieHnu ypaBHeHnﬁ.

[\CRNVL)

3anmawua2. Pemnts ypaBuenue log,x +log, x =
A Tlo dopmyiie nepexona
logox logyx

1 -
084*" og, 4 2

1 3
ITosTomy ypaBHeHue npumer Buj log, x + Elog2 X = 5, OTKyAa
log,x=1,x=2. A

3anawua 3. Peuints ypasuenue log, x + 2 log, 3=3.

A Tlo ¢opmyae (3) umeem log, 3 = . YpaBHeHuEe IPUMET BUJ

1
log; x

logg x + = 3 unu (log, x)% - 3log; x + 2 =0. Pemas ato kKBanpar-

2
log; x
HOe ypaBHeHMe OTHOCHTeJNbHO log, x, monydaem: 1) log; x = 1, x, = 3;
2)logsx=2,x,=9.

OrBer. x1=3, x,=9. A

3amauad4. [IByXnpoueHTHHI BKJaJ B cOepOaHK, paBHLIH a pyo.,
yepes3 n JIeT CTAaHOBUTCS paBHBIM a(1,02)", a TpeXIPOLEeHTHBIH BKJIAJ
craHoBUTCA paBHBIM a(1,03)". Uepesa CKOJBKO JIeT KaXKAbIA U3 BKJIAI0B
yaABOUTCA?

A 1) Ina nepBoro BkJaaza 2a = a (1,02)", orkyga (1,02)" = 2,
n= long 2. Breiuucaenus nposegem Ha MK-54:

2 1,02 [F[ln] [5] 35,002788.

2) lns BTOporo BKJ1aaa n =log, s 2, ¥ IPOrpaMMa BEIYMCJIEHUH TAKOBA:

2 [F[In] 1,03 [F|[In] [+] 23,449772.

O r B e T. Ilo nepsoMy BKJaay npubausuTeabHO yeped 35 JieT, a o
BTOpOMY — 4epe3 23,5 roga. A
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322. 1)1g 23; 2)1g7; 3)1g0,37; 4)l1g

323. 1)1n 81; 2)1In 2; 3) In0,17; 4) In

YnpaxHeHns
BrryucauTh ¢ IOMOIIBI0 MUKPOKAJNBKYAsATOPA (322—323).

=N o Wi

324. Bripa3uTh faHHLIHA Jorapu@m yepes JeCATUYHLIN ¥ BHIYMCIUTD Ha

MHKPOKAJNBLKYJAATOPE C ToYHOCThIO A0 0,01:
1) log, 25; 2) log, 8; 3) log, 0,75; 4) log, ;5 1,13.

325. BripasuTh JaHHBIH JorapuhM yepe3 HATYPaJbHBIH U BHIYUCIUTH

Ha MEHKPOKAaJLKYJIATOPE ¢ TOYHOCTHIO A0 0,01:

1) log, 5; 2) logg 15; 3) logo,7 9; 4) logl’1 0,23.
326. Bripasurs gaHHbI Jorapudm yepes Jorapucm ¢ OCHoOBaHUEM 7:

1) log, 3; 2)1g 6; 3)log, 7;

1

4) log, 33 5)1g7; 6) log, 7.
327. Hauo: lg 2 = 0,301; 1g 5 = 0,699; lg 3 = 0,477. Beruucanth npu-

611K EeHHO:

1) log, 2; 2) log, 3; 3) log, \5;

4) log, 0,25; 5) log, 25 +log; 0,5; 6) log, V125 + log, 27.
328. BuluncauThb:

1g625
1) 5% 2) log; (log, 4 - log, 3).
1

Pemnth ypasHeHune (329—-330).
329. 1) log, x = 2log, 3 + 4log,, 2; 4) logy x* +log 5 x=3;

2) log, x =9log,, 8 — 3log, 4; 5) log, x + logg x = 8;

1
3) logy x-2log; x=9; 6)log, x — log, x = 1
2
11

330. 1) log, x +1logy x +log,, x = 123 3) log, x log, x =4 log, 2;

2) logs x+logJ§ x+log; x=6; 4) log, x log, x =9 log, 3.

3

331

. Mauo: log, 17 =m. Haittu: log, 51; log,,; 17; log,, 51; 2log, 153.

332. ano: log, 2 =m. Haiitu: log,, 28.

333. [auo: 1g 3 =m, lg 5 = n. Haiiru: log,, 30.
334. [lano: log 2 = m. Haiitu: log,, 72.

335. lano: log,, 8 = m. Haiiru: logg, 9.

336. Mano: log, 125 = m. Haiitu: log, , 64.

103



337. BuIUHUCINTD:
jy 1081216 _log; 24 2

logg3 log;;3°
338. Bripa3uTs uncJo ¢ uepes a u b, ecau:
1) c =logy,,600; a =log, 3, b =log, 2;
2) c=log,,, 140; a=log, 2, b=1og, 5.

log,192 log, 24
log;;2 loge2 "

Pemnts ypaBHeHnue (339—340).

339. 1) logZ x — 9 logg x = 4; 3) log2 x+5 logyx —1,5=0;
2) logZ x - 15log,,; x+6=0; 4)16logs x+3log, x—1=0.
340. 1) log, x + 6log, 2= 5; 3) log‘/:—,, x —5log,3=9;
2) log, x — 3log, 5=2; 4) 2log, 3 - log% x=5.
341%, Briuucanrtd (He MCIOJb3YA MUKDOKAJIBKYJIATOD):
1) log; 2 + log, 3 : 3) 2log, 3 :
log;6 log,6 log, 9
1 log,, 8
log- 2 1g7; 22 =
342. Haiitu:
1) log, (a®b), ecnu log, b=3; 2) log, (b3a), ecnn log, a=9.

. Hucso sKxuTeieil ropoga-HOBOCTPOHKY YBe. -
343**, Yucao x e C K JINYNBAETCA €IKEeron
HO Ha 8% . Yepea CKOJBKO JIET UX YUCJIO YABOUTCSA?
344**_ IIpu ogHOM KayaHNM IIOPIIHEBOI'0 HAcOCa U3 COCyAa yAasaeTcs
1,2% wumeromerocs B HeM Bo3ayxa. UYepes CKOJIBKO KaUaHUil Ha-
1 .
coca B COCy/ie OCTAHETCA J,ig acTh IePBOHAYANBHON MACCHI BO3-
nyxa?
345%%*, BLIYMCINTH HA MUKPOKAJIBKYJIATOPE NPUGINIKEeHHOe 3HaUeHUe
yucJa e 1o popmyie
1 1 1 1
6=+t ——+—
2 2.3 2314 2.34-....n
npu: 1) n=7; 2)n=8; 3)n=9; 4) n=10.
346*. 3BecTHO, YTO MPH OOJIBIINX IOJOKHUTEJbHBIX 3HAUCHUAX 71 YUC-

n
1
JIO € MOYKHO IIPUOJIHIKEHHO HaXoauTh 1o ¢hopMyJe e = (1+;l‘ .

BrruucanTts no 3toii popmysie Ha MUKPOKAJBKYJIATOPEe NPUOIN-
JKeHHoe 3HaueHue yucaa e npu: 1) n =100 000; 2) n =1 000 000.
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§ 17. Nlorapudpmunyeckas GyHKUMSN,
ee cBOMCTBa U rpadpumk

Bel 3Haete, uro BeIpaxkenue log, x onpeaenesonpua>0,a#1,x>0.
ITycrs 3amaHo ocHOBaHue Jiorapudma a > 0, a # 1. Toraa kaxxaomy
x > 0 coorBercrByer uuciao y = log, x. Tem cambiM 3anana GyHKIUA
y=log, x.
| Pynkyuio y =log, x,20e a> 0, a # 1, Hasvieaom nozapugd muyecko.
Jlorapudmuyeckasa pyHKI N obagaeT CaeIyIOUIUMHA CBOMCTBAMM:

CeoiicTBO 1. O61acmb onpedeseHus 10z2apugpmuyieckoil pyHk-
Yuu — MHONCECME0 8CeX NOJONUMELbHbLX YUCel, TaK KaK Jorapuhm
oIpefieJieH TOJIBKO JJIA MOJIOKUTENbHBIX YHACEJI.

CBoiicTBO 2. MHOMNeCME0 3HAUEHULL 102apUDMULECKOIL PYHK-
yuu — mHoxucecmao R acex deiicmeumenvrvLx yucen.

O Ilycre 3anano y € R. Torna pyuxnus log, x npuaumaer 3Have-
HHe y IpU X = @Y, TaK KaK loga a¥ =y. Takum ob6pasomM, Jioboe aeicTBn-
TeJIbHOE YMCJIO J IPUHAAJIEKUT MHOYKECTBY 3HaYEeHUH Jorapudmuyec-
Ko QyHKIuu. @

3anmaua 1. Ilocrtpouts rpaduk pyakuun y =log, x.
A CoctaBUM TabIUIly ee 3BHAUYEHU:

x 9 3 1 319 27

y=logsx| -2 | -1 0 1 2 3

ITocTpoum HaiiieHHEIE TOYKH U IIPOBe-
IeM 4yepe3 HUX KPHUBYIO, VYUTHIBAS, YTO
bynknusa y = log, x onpesenesa npu x > 0
(puc. 35). A Puc. 35

3angaua 2. ITocrpours rpaduk dpyuknuu y = log; x.

. 3
A CocTaBUM TabINILy ee 3HAYEHM:

11y s |er ]

x 9 3 2 y

3

y=log, x| 2 |1 |0 |-1]|-2]-3 1

3 14\1
ITocTpoum HalifeHHbIE TOYKY ¥ IIPOBE- 0f...5> : TX
AeM 4yepe3 HUX KPUBYIO, YYUTHIBadA, YTO 2 B l -
dyuxnus y = log, x onpesesnena npu x > 0 Vg Y
(puc. 36). o 3 Puc. 36
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Ceoiicrso 3.J/Jozapupmuueckan pyrnkyuay =log, x aersemcs
so3pacmainwueil, ecau a > 1, u youvisarweil, ecau 0 <a < 1.

O Hoxaxem, yto npu a > 1 pyuknusa y = log, x asnserca sospac-
Talomeii. PaccMoTpuM Jio0ble ABa Yuca U3 061acTH onpeAeIeHuA JaH-
Ho# (yHKIHUH, T.€. X, > 0, Xy > 0.

ITycrs x, < x,. TpeGyerca goKa3aTh, YTO log‘1 x, < log 2 X

ITo ocHOBHOMY Jiorapu(pMUUYECKOMY TOXKIECTBY

log, x; logg x2
, .

Io ycnoBuio X, < X,, IOITOMY a'%8a 1 < gloga 2

W3 aToro HepaBeHCTBA M U3 CBOMCTB CTEIIEHU C JAEeHCTBUTEIbHBIM
IIoKa3aTeJjleM U OCHOBaHHMEM a > 1 cieayeT Tpebyemoe HepaBEHCTBO
log, x, <log, x,. AnanoruuHo nokaseiBaercd, 4o npu 0 < a <1 pyHk-

muaA y = log, x ABnserca youiBaoomeii. ®

CeoiicTBo 4. Ecina > 1, To byuknusa y = log, x npuaumMaer
noao)umeabHble 3HAYEHUA PN X > 1, ompuyamenvbHbie — NpU
0<x<1.Ecau 0 <a <1, To pynxuusa y = log, x npuHuMaeT m0J0-
JKUTeNbHBIE 3HaueHudA npu 0 < x < 1, orpunareabHsie — npu x > 1.

Jro crenyeT u3 TOro, uro GyHknuA y = log, x npuHUMaeT 3HaueHue,
paBHOe HYJIO, TPHA X = 1 U ABJAsETCS BO3pacTalolleil Ha IPOMEXYTKe
x>0, ecnu a > 1, n yomBaromeit, ecim 0 <a <1 .

M3 paccMOTpPeHHBIX CBOHCTB orapudmMuyeckoil GyHknuu y = log, x
cJIeAyeT, YTo ee rpadMK pacmojiokeH npaBee ocu Oy U ©MeeT BUA, YKa-
3aHHBIN Ha pucyHKe 37, ecau a > 1, u Ha pucyHke 38, ecaiun 0 < a < 1.

OTMeTrHM erne pas, 4To rpaduk Jr060i JorapudmMuyeckoil GyHKIINH
y =log, x npoxoxur uepes Touky (1; 0).

|
| N y
’ . 1
oY
N 1
1 a -
1 o a 1 X
‘_l o
0 1 ad X -1
—H v=log,x, 0<a<l
Puc. 37 Puc. 38
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CroiicTBo 5. Jlorapudpmuyeckas pyuxknus y = log, x u moxa-
3aTeJbHadA QyHKOua y = a*, rge a > 0, a # 1, B3auMHO o6paTHBI
(puc. 39 a, 6).

O U3 dopmyasl y = a* Beipa3uM x yepes y. Ilo onpenenennio jora-
pudma y =log, y. Menssa mecramu x u y, nonydaem y =log, x. @

!
7
N,
v=a, |
1 0 // P
—1 /,’ 1 X
" o1 [y=log,x,
a>1
a)

Puc. 39

Tak Kak pynknuu y = log, x u y = a* B3auMHO 0GPATHLI, TO CBOHCTBA
JII000# M3 HUX MOYKHO YCTAHOBUTD, 3Has cBOMcTBa Apyroii. Hanpumep,
MHOXKeCTBOM 3HaueHUil GyHKINN Y = a* ABJIAETCSA MHOXKecTBo y > 0,
noaToMy 06JaCThIO onpeneneHus GyHKIuM y = log, x ABAAETCA MHO-
)KecTBO x > 0; GyHKIMA Yy = a* Bo3pacTaer, eciu a > 1, mosromy GhyHKIUSA
y = log, x TakKe Bo3pacraer, eciua > 1.

3amauad. CpaBHATB YHUCTIA:
1)log, 3 u log;6; 2)log; 3 u log; 5; 3)log,5 u log, 3.
2 2
A 1) Tak Kak 5 > 1, To pyHKnus y = log, x Bo3pacTaer u IO3TOMY
log, 3<log, 6.
1
2) Tak kak 0< 3 <1, To byHKIMA y = logl X yObIBaeT U MO3TOMY
logl 3> logl 5. 2
2 2
3) Bamernm, uto log; 5 > 1, Tak Kak log; 3 = 1 u pyskuusa y =
= log, x Boapacraer. AnanoruyHo log, 3 < 1, rak Kak log, 5 =1 u pyn-
knusa y = log, x Bospacraer. Ilosromy log, 5 > log; 3. A

3amauad4. CpaBuuts unciaaa u b, ecan:

1
1)a="Tlog, 2, b=3; 2)a= 510g4 65, b=log,11.
Al)a=log, 2"=1og;128, b=3=log, 125, a>b.
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1
2)a= 3 log,65; 2a=1log,65; b=Ilog,11; 2b=2log,11=1og,121;

log,65 > log,64 = 3; log,121 < log,125 = 3. Takum o6pa3om,
2a = log465 >3, 2b= log5121 < 3, cIeaoBaTeNbHO, @ > b. A

3amaua 5% IToctpouts rpadpuK QyHKIHAMU:
1) y =log,(x + 2); 2)y=2+ log, x.
3

A 1) T'paduk pyuxnuu y = log,(x + 2) nony4aerca capurom rpadu-
Ka ¢yuxknuu y = log; x BreBo BAomb ocu Ox Ha 2 eAMHUILI, TAK KaK
3TH QYHKIMY IPUHUMAIOT OQUHAKOBEIE 3HAYEHU, €CJIX apI'YMEHT Iep-
BOH U3 HUX Ha 2 eJUHHIILEI MEHBbIIIe COOTBETCTBYIOIIEr0 apryMeHTa BTO-
poii, T.e. log,(x, + 2) = log, x;, ecnu x;, + 2 =x, mau x,=x, — 2
(puc. 40, a).

2) I'paduk dpyuxnuu y = 2 + log; X nmonyuaercs casurom rpaduka

3

dyuxmuu y = log; X BBepx BAoAE ocu Oy Ha 2 eAVMHUILI, TAK KaK IPH

3
OJHOM U TOM JKe 3HAaYEeHHUHU X 3HaueHue IepBoil GyHKI K Ha 2 OoJiblie

3HayeHus BTopoii pyukuuu (puc. 40, 6). A

¥ y]

y=10g3(x+2) y:2+loglx
3

2 /1 0 1 2 X o  I~. 2 3 *
/, <
-1H/ —17 y‘l(’g'x\\-_-
a) 6)
Puc. 40
YnpaxHeHns

347. ITocrpouTts rpadpuk GyHKINN:
1) y =log, x; 2)y=log, x.
2
Kakue u3 JaHHbIX QYHKI[MI ABJASAIOTCA BO3pacTaoiuMu? yobIBa-
pomumu? Ilpn Kakux 3HaYeHNAX X KaKJasd QYHKIUSA NPUHUMA-

eT IOJI0KUTeJbHbIe 3HAUeHUA? oTpHIIATeJIbHbIE 3HayeHHUs? 3Ha-
YeHusd, paBHbIE HYJIIO?
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348.

349.

350.

351.

352.

353.

354.

355.

ITo rpaduky dysaxuuu y = log, x HalTH NPUGIUIKEHHO:
log, 3; log,0,3; log,5; log,O0,7.
H306pasuTts cxemarnyecky rpahuk QyHKIUN:

1) y=log s x; 3)y=log, , x;
2) y=log, x; 4)y= logl x.
CpaBHHTEL UNCJIa: 3
6 5
1)log; - u log; —; 3) log, e u log; w;
5 6 2 2
V5 3

2) log, 9 u log; 17; 4)log, — wulog, .

BuISICHUTD, ABJAETCA JIM HOJOXKUTEJbHEIM UJIHA OTPUIATEJbHBIM
YHUCHO:
1) log, 4,5; 2) log, 0,45; 3) log, 25,3; 4) logoy5 9,6.
CpaBHHUTB C €IUHUIIEH YKUCJO X, €CJIH:
1) log, x=-0,3; 3)Ig x=0,2;
2) logl x=1,7; 4) log, x=1,3.

3
BrisicHUTB, ABJSAETCS JIU Bo3pacTaolleil uiau yobIBaooeil GyHK-
IUA:
1)y=log0,075 x; 2)y= logﬁ x; 3)y=1gx; 4)y=Inx.

2

PemmTh rpaduuecKy HEPaABEHCTBO:
1) log, x> 3; 2) log, x <1; 3) log; x<2;
2
4) log; x> 1; 5) log, x > -1; 6) log, x<-2.
2 2

Haitrn o61acTh onpefesieHNs GyHKIIAH:
1) y =log, (x - 2); 3) y = log, (x% - 3x);
2) y=log, 5 (2 +x); 4)y= logﬁ (9 — x?).

356.

357

HokasaTs, 4TO:
1) byuknusa y = log, (x% — 1) Bo3pacTaeT Ha IpOMeKyTKe x > 1;

2) pyuxuus y = log; (x2 - 1) yGriBaer Ha npoMexyTKe x > 1.
2

. CpaBHuTB yuciaa a u b, ecau:
1)a=log, 6 +log; 5, b=2; 3)a=2log, 7,b=1+2log,5;
2) a=log, 36, b =log,, 288; 4) a =log, 5, b=log, 3.
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358. CpaBEUTH 3HAYEHU S BHIDAYKEHUA:

1) % +1g3 u lg19-1g2;

2) 1g5+21gﬁ n lg5+2\/7;

359. CpaBHNTL